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Abstract 
This thesis presents different approaches 
and schemes for non-linear model 
predictive control (MPC) for path-
following. Previous work on path-following 
MPC for the Airborne Wind Energy system 
are extended using different methods, 
implemented and tested both on simulation 
and on an experimental setup. The 
experiments are done using micro-scale 
radio controlled car. The experimental setup 
is presented along with necessary tools. The 
optimal control problem and the control law 
are formulated such that an MPC controller 
solving it would produce path following. 
 
Experimental results using Nominal MPFC 
A nominal nonlinear constrained model 
predictive path-following (MPFC) scheme 
is first implemented and tested on the 
experimental setup. It is shown that 
additional regulation terms are necessary for 
a real-world application. The results of the 
obtained MPC controller are presented, as 
well as an investigation of the effects of 
parameter tuning. 
Adaptive MPFC is used in order to improve 
the tracking performance. The model's 
parameters are updated continuously using 
an adaptation algorithm. An adaptation 
algorithm based on recursive least squares is 
derived for several representations of the 
system, as well as a convergence condition. 
The adaptation algorithm is then combined 
with the MPFC controller and its 
performance is presented and analyzed. 
 
Parameters evolution in Adaptive MPFC 
A second adaptation algorithm is 
established using Gaussian processes. A 
comparison of different types of Gaussian 
processes fitted to the car's dynamics is 
presented. The corresponding adaptive 
MPFC scheme is proposed and its 
performance is presented.  
Stochastic MPFC is explored, using 
Gaussian processes to create a stochastic 
model of the system's dynamics. A 
stochastic MPFC scheme is devised by 
replacing the system's deterministic model 
with a Gaussian process. The tracking 
performance as well as the uncertainty of the 
controller are presented and investigated. 
Uncertainty propagation tools for Gaussian 
processes are derived and implemented 
using both exact moment matching for 
Gaussian kernels and approximate moment 
matching for any kernel function. 
Keywords: nonlinear model predictive 
control, path following, adaptive control, 
stochastic control, recursive least squares, 
Gaussian process, moment matching 
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s✉❝❤ ❛s ❛ ❧❛❝❦ ♦❢ ❝❡rt❛✐♥t② ✐♥ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ♣♦s✐t✐♦♥✐♥❣✱ ❛❝t✉❛t✐♦♥ ❧✐♠✐ts r❡♥❞❡r✐♥❣ ❝❡rt❛✐♥
♠♦✈❡♠❡♥ts ✐♠♣♦ss✐❜❧❡ ❛♥❞ s❡♥s✐t✐✈✐t② t♦ ♥♦✐s❡ ❛♥❞ ❞✐st✉r❜❛♥❝❡s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❢♦❧❧♦✇✐♥❣ ❛ ♣❛t❤ ✐s ❛
❝♦♠♠♦♥ t❛s❦ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✳ ❖♥❡ ❝❛♥ ❝♦♠❡ ✉♣ ✇✐t❤ ❛ ❤✉❣❡ ♥✉♠❜❡r ♦❢ ❡①❛♠♣❧❡s✱ r❛♥❣✐♥❣ ❢r♦♠
❛ ❢❛❝t♦r②✲✢♦♦r ♠❛❝❤✐♥❡ s❝r❡✇✐♥❣ ❜♦❧ts✱ ❛ r♦❜♦t ❣r✐♣♣✐♥❣ ❛ t♦♦❧ ♦r ❛♥ ❛✉t♦♥♦♠♦✉s ❝❛r tr②✐♥❣ t♦ st❛②
♦♥ ❝♦✉rs❡✳
❆ ❦❡② ❝♦♠♣♦♥❡♥t ✐♥ ❛ ♣❛t❤ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ✐s t❤❡ ❝♦♥tr♦❧❧❡r✳ ❆ ❝♦♥tr♦❧❧❡r✬s ♠❛✐♥ ♣✉r♣♦s❡ ✐s t♦
✜♥❞ t❤❡ ♦♣t✐♠❛❧ ✐♥♣✉t t♦ ❛♣♣❧② t♦ t❤❡ s②st❡♠ ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ t❤❡ ❞❡s✐r❡❞ ❜❡❤❛✈✐♦r✳ ❚❤✐s ✇♦r❦
❝♦♥❝❡♥tr❛t❡s ♦♥ ❛ ❝❡rt❛✐♥ t②♣❡ ♦❢ ❝♦♥tr♦❧ ✲ ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ ❈♦♥tr♦❧ ✭▼P❈✮ ❛♣♣❧✐❡❞ ✐♥ ❛ r❡❝❡❞✐♥❣
❤♦r✐③♦♥ ❢❛s❤✐♦♥✳ ❆♥ ▼P❈ ❝♦♥tr♦❧❧❡r ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ t❤❛t t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ ♣r❡❞✐❝t❡❞
✐❢ ❛ ♠♦❞❡❧ ♦❢ ✐ts ❞②♥❛♠✐❝s ✐s ❛✈❛✐❧❛❜❧❡✳ ◆❛t✉r❛❧❧②✱ ♣r❡❞✐❝t✐♥❣ ❛♥ ✐♥✜♥✐t❡❧② ❧♦♥❣ ❤♦r✐③♦♥ ❛♥❞ t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s ✐s ✐♠♣♦ss✐❜❧❡✳ ❆s s✉❝❤✱ ❛♥ ▼P❈ ❝♦♥tr♦❧❧❡r ✉s❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝✉rr❡♥t❧②
❛✈❛✐❧❛❜❧❡ t♦ ✐t t♦ ♣r❡❞✐❝t t❤❡ s②st❡♠✬s st❛t❡ ♦✈❡r ❛ ✜♥✐t❡ ❤♦r✐③♦♥✳ ■t ❝❛♥ t❤❡♥ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ s❡q✉❡♥❝❡
♦❢ ✐♥♣✉ts t♦ ❛♣♣❧② ✐♥ ♦r❞❡r t♦ ❜❡st ❛❝❝♦♠♣❧✐s❤ t❤❡ ❣♦❛❧ ✇❤✐❧❡ r❡s♣❡❝t✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ♦❢ t❤❡ s②st❡♠✳
❖♥❝❡ ❛♥ ♦♣t✐♠❛❧ ✐♥♣✉t ❢♦✉♥❞✱ t❤❡ ✜rst ✐♥♣✉t ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ s②st❡♠ ❛♥❞ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
✐s s♦❧✈❡❞ ❛❣❛✐♥ ❢♦r t❤❡ ♥❡✇ st❛t❡ ♦❢ t❤❡ s②st❡♠✳
❖♥❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ♣❛rt✐❝✉❧❛r ❤❛s ✐♥s♣✐r❡❞ t❤❡ ✇♦r❦ ♦♥ t❤✐s ♣r♦❥❡❝t✱ ❛s ❛ ♣❛rt ♦❢ t❤❡ ❆✐r❜♦r♥❡ ❲✐♥❞
❊♥❡r❣② ✭❆❲❊✮ ♣r♦❥❡❝t✳ ❆❲❊ s②st❡♠s ✐♥✈♦❧✈❡ ❛♥ ❛✐r❜♦r♥❡ ✈❡❤✐❝❧❡ ❝❛♣❛❜❧❡ ♦❢ ❣❡♥❡r❛t✐♥❣ ❡♥❡r❣② ❢r♦♠
t❤❡ str♦♥❣ ✇✐♥❞s ✐♥ ❤✐❣❤ ❛❧t✐t✉❞❡✳ ❆ ❝♦♠♠♦♥ ❞❡s✐❣♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ❦✐t❡ t❡t❤❡r❡❞ t♦ ❛ ♣♦✇❡r
❣❡♥❡r❛t♦r ♦♥ t❤❡ ❣r♦✉♥❞✳ ❯s✐♥❣ t❤❡ ❣❡♥❡r❛t❡❞ ❧✐❢t✱ ❡♥❡r❣② ✐s ♣r♦❞✉❝❡❞ ✇❤✐❧❡ t❤❡ t❡t❤❡r r❡❡❧s ♦✉t✳
❖♥❝❡ t❤❡ ♠❛①✐♠✉♠ ❧❡♥❣t❤ ✐s r❡❛❝❤❡❞✱ t❤❡ ❦✐t❡ ❢♦❧❧♦✇s ❛ ❣❧✐❞✐♥❣ tr❛❥❡❝t♦r② ✇✐t❤ ❛ ❧♦✇❡r ❧✐❢t✱ ❡♥❛❜❧✐♥❣
t♦ r❡❡❧ t❤❡ t❡t❤❡r ❜❛❝❦ ✉s✐♥❣ ♦♥❧② ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❡♥❡r❣②✳ ❆s t❤❡ ♥❡t ❡♥❡r❣② ♣r♦❞✉❝❡❞ ♦✈❡r ♦♥❡
❝②❝❧❡ ✐s ♣♦s✐t✐✈❡✱ r❡♣❡t✐t✐✈❡❧② ❢♦❧❧♦✇✐♥❣ t❤❡ ✇❤♦❧❡ tr❛❥❡❝t♦r② ✇♦✉❧❞ ♣r♦❞✉❝❡ ❣r❡❡♥ ❡♥❡r❣② t♦ ♣♦✇❡r
❤✉♠❛♥✐t②✬s ❣r♦✇✐♥❣ ❞❡♠❛♥❞✳ ✭❋♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ❆✐r❜♦r♥❡ ❲✐♥❞ ❊♥❡r❣② s❡❡ ❬✶✱ ✷❪✮
❆♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ❢♦r ❣❡♥❡r❛t✐♥❣ ♠❛①✐♠✉♠ ♣♦✇❡r ❡①✐sts ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✉s✐♥❣ ♥✉♠❡r✐❝❛❧ ❝♦♥tr♦❧
♦♣t✐♠✐③❡rs ✭❬✸✱ ✹✱ ✺❪✮✳ ❍♦✇❡✈❡r✱ tr❛❝❦✐♥❣ t❤✐s tr❛❥❡❝t♦r② ✉s✐♥❣ ❛ ❦✐t❡ ✐s ♥♦t ❛♥ ❡❛s② t❛s❦✳ ■♥ ❛❞❞✐t✐♦♥
t♦ t❤❡ ❝❤❛❧❧❡♥❣❡s ❝♦♥❢r♦♥t✐♥❣ ❛♥② ♣❛t❤✲❢♦❧❧♦✇✐♥❣ ❛♣♣❧✐❝❛t✐♦♥✱ ❦✐t❡ s②st❡♠s ❛r❡ ❡s♣❡❝✐❛❧❧② ❧✐♠✐t❡❞ ❛s
t❤❡✐r ♠❛✐♥ ♣r♦♣✉❧s✐♦♥ ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ✇✐♥❞✳ ❆s s✉❝❤✱ ❛ ❦✐t❡ ❝❛♥ ♦♥❧② ❢♦❧❧♦✇ tr❛❥❡❝t♦r✐❡s t❤❛t ❛r❡
❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ❝✉rr❡♥t ✇✐♥❞ ❝♦♥❞✐t✐♦♥s✳
Pr❡✈✐♦✉s ✇♦r❦s ❤❛✈❡ ❛♣♣r♦❛❝❤❡❞ t❤✐s ❝❤❛❧❧❡♥❣❡ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✳ ■♥ ❬✻❪ t❤❡ t✐♠❡ ♣❛r❛♠❡t❡r✐③❡❞ tr❛✲
❥❡❝t♦r② ✐s tr❛❝❦❡❞ ✉s✐♥❣ t✐♠❡✲✈❛r②✐♥❣ s❡ts ♦❢ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥s ❛s t❡r♠✐♥❛❧ r❡❣✐♦♥s ❢♦r ❛ ❝♦♥str❛✐♥❡❞
♥♦♥✲❧✐♥❡❛r ▼P❈✳ ■♥ ❬✼❪ t❤❡ ♣❛t❤ ❢♦❧❧♦✇✐♥❣ s❝❤❡♠❡ ✐s ❜❛s❡❞ ♦♥ ❧✐♥❡❛r✐③✐♥❣ t❤❡ ❆❲❊ s②st❡♠✳ ❚❤✐s
❤♦✇❡✈❡r ❧♦❝❛❧✐③❡s t❤❡ r❡❣✐♦♥ ♦❢ ❛ttr❛❝t✐♦♥ ❛♥❞ ❧❡❛❞s t♦ s✉❜✲♦♣t✐♠❛❧ ❝♦♥tr♦❧✳ ❬✽❪ ♣r❡s❡♥ts ❛ ♥♦♥✲❧✐♥❡❛r
▼P❋❈ s❝❤❡♠❡ ❢♦r ❝♦♥str❛✐♥❡❞ ♣❛t❤✲❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s ✉s✐♥❣ ❛ ✈✐rt✉❛❧ t✐♠❡ s②st❡♠ t♦ tr❛❝❦ ❛ ❣❡✲
♦♠❡tr✐❝ ♣❛t❤✳ ❚❤❡② ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❡①♣❧♦r❡ t❤❡ ❣❡♦♠❡tr✐❝ ♥❛t✉r❡ ♦❢
♣❛t❤✲❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♣r❡❞✐❝t✐✈❡ ♣❛t❤ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧ ✭▼P❋❈✮ s✐♠✐❧❛r t♦ ❬✾❪✳ ■♥st❡❛❞
♦❢ tr❛❝❦✐♥❣ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t tr❛❥❡❝t♦r②✱ t❤❡ r❡❢❡r❡♥❝❡ ✐s ❛ ❣❡♦♠❡tr✐❝ ♣❛t❤✳ ❇② r❡♠♦✈✐♥❣ t❤❡ t✐♠❡
❞❡♣❡♥❞❡♥❝②✱ t❤❡ s②st❡♠ ❝❛♥ tr❛❝❦ t❤❡ ♣❛t❤ ❛t ✐ts ♦✇♥ s♣❡❡❞✱ ❞❡✜♥❡❞ ❜② t❤❡ ✇✐♥❞✳ ❚♦ ❝r❡❛t❡ ❛♥
▼P❋❈ ❝♦♥tr♦❧❧❡r✱ t❤❡ s②st❡♠ ✐s ❛✉❣♠❡♥t❡❞ ❜② ❛❞❞✐♥❣ ❛ ✈✐rt✉❛❧ s②st❡♠✳ ❚❤❡ ✈✐rt✉❛❧ s②st❡♠ ✐♥❝❧✉❞❡s
❛ ✈✐rt✉❛❧ t✐♠❡ ✇❤✐❝❤ ❝♦♥tr♦❧s t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ ✈✐rt✉❛❧ ♣♦✐♥t ♦♥ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤✳ ❚❤❡ ✈✐rt✉❛❧ ♣♦✐♥t
s❡r✈❡s ❛s t❤❡ tr❛❝❦✐♥❣ r❡❢❡r❡♥❝❡ ❢♦r t❤❡ ❝♦♥tr♦❧❧❡r ❛t ❛♥② ❣✐✈❡♥ t✐♠❡ ❛♥❞ ❝❛♥ ❜❡ ♠♦✈❡❞ ❛❧♦♥❣ t❤❡ ♣❛t❤
❜② ❝♦♥tr♦❧❧✐♥❣ t❤❡ ✈✐rt✉❛❧ t✐♠❡✳ ❚❤❡ ▼P❈ ❝♦♥tr♦❧❧❡r s❡❛r❝❤❡s ❢♦r t❤❡ ♦♣t✐♠❛❧ ✐♥♣✉ts t♦ ❜♦t❤ t❤❡ r❡❛❧
❛♥❞ ✈✐rt✉❛❧ s②st❡♠ ❛♥❞ ✐s ❛♣♣❧✐❡❞ ✐♥ ❛ r❡❝❡❞✐♥❣ ❤♦r✐③♦♥ ❢❛s❤✐♦♥ ✐♥ ♦r❞❡r t♦ ❢♦❧❧♦✇ t❤❡ ♣❛t❤ ❛s ❜❡st
♣♦ss✐❜❧❡✳ ❚❤❡ t❡r♠✐♥❛❧ ❝♦♥str❛✐♥ts ✉s❡❞ ❛r❡ ✐♥s♣✐r❡❞ ❢r♦♠ ✈❡❝t♦r ✜❡❧❞ s❝❤❡♠❡s✳ ❚❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢
❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r❡❝✉rs✐✈❡ ❢❡❛s✐❜✐❧✐t② ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✾❪✳
■♥ ♦r❞❡r t♦ t❡st t❤❡ ▼P❋❈ s❝❤❡♠❡s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❜♦t❤ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❛♥ ❡①♣❡r✐♠❡♥t❛❧
s❡t✉♣ ❛r❡ ✉s❡❞✳ ❚♦ ❢❛❝✐❧✐t❛t❡ t❡st✐♥❣ ❛♥❞ ❝♦♥❝❡♥tr❛t❡ t❤❡ ❡✛♦rt ♦♥ t❤❡ ❝♦♥tr♦❧❧❡r✱ t❤❡ ❦✐t❡ s②st❡♠ ✐s
r❡♣❧❛❝❡❞ ❜② ❛ ♠✐❝r♦✲s❝❛❧❡ ❘❈ ❝❛r✳ ❚❤❡ ❝❛r✬s t❤r♦tt❧❡ ✐s ✜①❡❞ ❛s t♦ ✐♠✐t❛t❡ ❛ ❣❧✐❞✐♥❣ ❦✐t❡ s②st❡♠✳
■♥ ♦r❞❡r t♦ ❡①♣❧♦r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s✉❝❤ s②st❡♠ ❛♥❞ t♦ ✐♠♣r♦✈❡ t❤❡ tr❛❝❦✐♥❣✱ ✇❡ ♣r♦♣♦s❡ s❡✈❡r❛❧
❞✐✛❡r❡♥t ▼P❋❈ s❝❤❡♠❡s✳ ❲❡ ❞❡r✐✈❡ t❤❡ ♣r♦❜❧❡♠ st❛t❡♠❡♥t ❛♥❞ t❤❡ ❝♦♥tr♦❧❧❡r ✉s✐♥❣ ❛ st❛♥❞❛r❞
♥♦♠✐♥❛❧ ▼P❋❈✳ ❲❡ t❤❡♥ ♣r♦♣♦s❡ ❛♥ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡ ✉s✐♥❣ ❛♥ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ t♦ ❜❡tt❡r
✶
❡st✐♠❛t❡ t❤❡ s②st❡♠✬s ♣❛r❛♠❡t❡rs✳ ❚✇♦ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ♣r❡s❡♥t❡❞✳ ❋✐rst✱ s❡✈❡r❛❧ ✈❡rs✐♦♥s
♦❢ r❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡s✳ ❙❡❝♦♥❞✱ ❛ r❡❝✉rs✐✈❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ s②st❡♠ ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳
❇♦t❤ ❛❧❣♦r✐t❤♠s ❛r❡ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ▼P❋❈ ❝♦♥tr♦❧❧❡r t♦ ❝♦♥st✐t✉t❡ ❛♥ ❛❞❛♣t✐✈❡ ▼P❋❈✳ ❋✐♥❛❧❧②✱ ✇❡
❡①♣❧♦r❡ t❤❡ ✉s❛❣❡ ♦❢ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✐♥ ❛ st♦❝❤❛st✐❝ ▼P❋❈ ❝♦♥tr♦❧❧❡r✱ ✇❤❡r❡ t❤❡ s②st❡♠✬s ♠♦❞❡❧
✐s r❡♣❧❛❝❡❞ ❜② ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✳
❆❧❧ ♣r♦♣♦s❡❞ s❝❤❡♠❡s ❛r❡ t❡st❡❞ ♦♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❛♥❞ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡s
❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❛♥❛❧②③❡❞✳
❚❤✐s t❤❡s✐s ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧s✱ ❛❧♦♥❣
✇✐t❤ ❡st✐♠❛t✐♦♥ t♦♦❧s ♥❡❝❡ss❛r② t♦ ✐ts ❢✉♥❝t✐♦♥✐♥❣ ❛♥❞ t❤❡ ❞❡❧❛② ✐♥ t❤❡ s②st❡♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞✳ ■♥
s❡❝t✐♦♥ ✸ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ✉s❡❞ t♦ tr❛❝❦ t❤❡ ❝♦♥tr♦❧❧❡r✬s ♣❧❛♥ ✐s ♣r❡s❡♥t❡❞✳ ❙❡❝t✐♦♥ ✹ ♣r❡s❡♥ts
t❤❡ ♣r♦❜❧❡♠ st❛t❡♠❡♥t ❛s ✇❡❧❧ ❛s t❤❡ s②st❡♠✬s ❞②♥❛♠✐❝s✱ t❤❡ ✈✐rt✉❛❧ ❛♥❞ ❛✉❣♠❡♥t❡❞ s②st❡♠s✱ t❤❡
r❡❢❡r❡♥❝❡ ♣❛t❤ ❛♥❞ ❛ tr❛❝❦✐♥❣ ❡rr♦r ♠❡tr✐❝✳ ❙❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s t❤❡ ♥♦♠✐♥❛❧ ▼P❋❈ ❛♥❞ t❤❡ r❡q✉✐r❡❞
♠♦❞✐✜❝❛t✐♦♥s ♥❡❡❞❡❞ ❢♦r ❛ r❡❛❧ ✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ❛s ✇❡❧❧
❛s ❛♥ ✐♥✈❡st✐❣❛t✐♦♥ ♦♥ t❤❡ ❡✛❡❝ts ♦❢ t✉♥✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡r✬s ♣❛r❛♠❡t❡rs✳ ■♥ s❡❝t✐♦♥ ✻ t❤❡ r❡❝✉rs✐✈❡
❧❡❛st sq✉❛r❡s ❛❧❣♦r✐t❤♠s ❛♥❞ ❛ s✉✣❝✐❡♥t ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ❛r❡ ❞❡r✐✈❡❞✳ ■♥ s❡❝t✐♦♥ ✼ ❛♥ ❛❞❛♣t✐✈❡
▼P❋❈ s❝❤❡♠❡ ✉s✐♥❣ ❘▲❙ ❛♥❞ ✐ts ♣❡r❢♦r♠❛♥❝❡ ❛r❡ ♣r❡s❡♥t❡❞✳ ❙❡❝t✐♦♥ ✽ ♣r❡s❡♥ts ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s
❛♥❞ ❝♦♠♣❛r❡s ✜tt✐♥❣ ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳ ■t t❤❡♥ ♣r❡s❡♥ts ❛♥ ❛❞❛♣t✐✈❡ ▼P❋❈
❝♦♥tr♦❧❧❡r ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✜tt✐♥❣✳ ❙❡❝t✐♦♥ ✾ ❞✐s❝✉ss❡s ❛ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✐♥ ✇❤✐❝❤
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ s②st❡♠ ✐s r❡♣❧❛❝❡❞ ❜② ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❛♥❞ ♣r❡s❡♥ts ✐ts ♣❡r❢♦r♠❛♥❝❡✳ ❙❡❝t✐♦♥
✶✵ ♣r❡s❡♥ts t❤❡ ❞❡r✐✈❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ r❡s✉❧ts ♦❢ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ✉s✐♥❣ ❊①❛❝t ❛♥❞
❆♣♣r♦①✐♠❛t❡ ▼♦♠❡♥t ▼❛t❝❤✐♥❣ ❢♦r ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳ ❋✐♥❛❧ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ♣♦ss✐❜❧❡ ❢✉t✉r❡ ✇♦r❦
❛r❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✶✳
✷
✷ Pr❡❧✐♠✐♥❛r✐❡s
✷✳✶ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣
■♥ ♦r❞❡r t♦ t❡st t❤❡ ❛❧❣♦r✐t❤♠s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✐s ♥❡❡❞❡❞✳ ❲❡ ❤❛✈❡
❝❤♦s❡♥ t♦ ✉s❡ ❛ ♠✐❝r♦ s❝❛❧❡ r❛❞✐♦ ❝♦♥tr♦❧❧❡❞ ❝❛r✱ s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✶✳
❋✐❣✉r❡ ✷✳✶✿ ❚❤❡ ❘❈ ❝❛r ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts
❚❤❡ ❝❛r✬s ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ❛r❡ ♠❡❛s✉r❡❞ ✉s✐♥❣ ❛ ❝❛♠❡r❛ tr❛❝❦✐♥❣ s②st❡♠ ❬✶✵❪ ✇❤✐❝❤ tr❛❝❦s
♠❛r❦❡rs ♦♥ t❤❡ ❝❛r✳ ❚❤❡ ❝❛r ✐s ❝♦♥tr♦❧❧❡❞ ✉s✐♥❣ ❛ ❉❳✻✐ tr❛♥s♠✐tt❡r ❘❈ ❝♦♥tr♦❧❧❡r ❬✶✶❪✱ ✇❤✐❝❤ r❡❝❡✐✈❡s
❝♦♠♠❛♥❞s ❢r♦♠ t❤❡ ❝♦♠♣✉t❡r ✉s✐♥❣ ❛ P❈❚① ❝❛❜❧❡ ❬✶✷❪ ❛♥❞ s❡♥❞s t❤❡♠ t♦ t❤❡ ❝❛r✳ ❋✐❣✳ ✷✳✷ ✐❧❧✉str❛t❡s
t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳
❋✐❣✉r❡ ✷✳✷✿ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣
❙✐♠✐❧❛r❧② t♦ ❛ ❦✐t❡ s②st❡♠ ✇❤❡r❡ ✇❡ ❞♦♥✬t ❤❛✈❡ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ❦✐t❡✬s s♣❡❡❞✱ t❤❡ t❤r♦tt❧❡ ♦❢ t❤❡ ❝❛r
✐s s❡t t♦ ❛ ✜①❡❞ ✈❛❧✉❡✳
❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s ❞♦♥❡ ✉s✐♥❣ ❘❖❙✳ ❉✐✛❡r❡♥t s❝r✐♣ts r✉♥ s✐♠✉❧t❛♥❡♦✉s❧② ❛♥❞ ❝♦♠✲
♠✉♥✐❝❛t❡s ❜❡t✇❡❡♥ t❤❡♠ ✉s✐♥❣ ❘❖❙ ♠❡ss❛❣❡s✳
✷✳✶✳✶ ❙t❡❡r✐♥❣ ❝♦♠♠❛♥❞s
❆s ❞❡s❝r✐❜❡❞✱ t❤❡ ❝❛r ✐s ❝♦♥tr♦❧❧❡❞ ❜② s❡♥❞✐♥❣ st❡❡r✐♥❣ ❝♦♠♠❛♥❞s t♦ ❛♥ ❘❈ ❝♦♥tr♦❧❧❡r✳ ❚❤❡ st❡❡r✐♥❣
❝♦♠♠❛♥❞ w ♠✉st ❜❡ ❛ ♥✉♠❜❡r ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✵✷✸ ✭210 ✈❛❧✉❡s✮ ✇❤❡r❡ ❛ str❛✐❣❤t ♠♦t✐♦♥ ❝♦rr❡s♣♦♥❞s
t♦ ❛ ❜✐❛s ✈❛❧✉❡✳ ❱❛❧✉❡s ❜❡❧♦✇ ✶✵✵ ♦r ❛❜♦✈❡ ✾✵✵ ❡①❝❡❡❞ t❤❡ ♣❤②s✐❝❛❧ ❧✐♠✐ts ♦❢ t❤❡ st❡❡r✐♥❣ ♠♦t♦r ❛♥❞
t❤✉s ❤❛✈❡ ♥♦ ❡✛❡❝t✳ ❚❤❡ st❡❡r✐♥❣ ❝♦♠♠❛♥❞s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s
w = bias+ u ✭✷✳✶✮
✇❤❡r❡ u ∈ [−umax, umax] ✐♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s s②♠♠❡tr✐❝ t♦ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳
✸
❋♦r ♦✉r ♣❛rt✐❝✉❧❛r ❝❛r✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❛r❡ bias = 485✱ w ∈ [100, 870]✱ umax = 385✳ ❚❤❡ ♣♦ss✐❜❧❡
✈❛❧✉❡s ♦❢ w ❝♦rr❡s♣♦♥❞ t♦ ♣♦ss✐❜❧❡ st❡❡r✐♥❣ ❛♥❣❧❡s ✐♥ [−25◦, 29◦]✳
✷✳✷ ❙t❛t❡ ❖❜s❡r✈❡r
❚❤❡ ❝❛♠❡r❛ s②st❡♠ ♣r♦✈✐❞❡s t❤❡ ❝❛r✬s ❝✉rr❡♥t ♣♦s✐t✐♦♥✱ ♦r✐❡♥t❛t✐♦♥ ✭✐♥ q✉❛t❡r♥✐♦♥s ❢♦r♠✮ ❛♥❞ t✐♠❡s✲
t❛♠♣✳ ❆t t❤❡ ♦r✐❣✐♥✱ t❤❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s ❢r❛♠❡ ♦❢ t❤❡ ❝❛r ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❣❧♦❜❛❧ ❢r❛♠❡✳ ❋r♦♠ t❤❡
♣r♦✈✐❞❡❞ ❞❛t❛✱ t❤❡ ❝❛r✬s ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ②❛✇✱ ♣✐t❝❤ ❛♥❞ r♦❧❧ ❛♥❣❧❡s ♠✉st ❜❡ ❡st✐♠❛t❡❞✳
✷✳✷✳✶ ❱❡❧♦❝✐t② ❊st✐♠❛t✐♦♥
❙❡✈❡r❛❧ ♠❡t❤♦❞s ❡①✐st t♦ ❝♦♠♣✉t❡ t❤❡ ❝❛r✬s ✈❡❧♦❝✐t② ❜❛s❡❞ ♦♥ ✐ts ♣♦s✐t✐♦♥✳ ❖♥❡ ❝♦✉❧❞ ✉s❡ ❛ ❑❛❧♠❛♥
✜❧t❡r ❬✶✸❪ ♦r ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡s ✭❋❉✮ ❬✶✹❪✳ ❚❤❡ ♠❛✐♥ ✐ss✉❡ ✇✐t❤ ❜♦t❤ ♠❡t❤♦❞s ✐s t❤❡ ♥♦♥✲✉♥✐❢♦r♠✐t②
✐♥ t✐♠❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤✐s ♥♦♥✲✉♥✐❢♦r♠✐t② ❧✐♠✐ts t❤❡ ❋❉✬s ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❝r❡❛t❡s
❡①tr❛ ♥♦✐s❡✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✷✳✸✳ ■♥ ♦r❞❡r t♦ ❝❛♥❝❡❧ t❤✐s ♥♦✐s❡✱ ❛ ♥♦♥✲✉♥✐❢♦r♠ ❋❉ ❛❧❣♦r✐t❤♠
❝❛♥ ❜❡ ✉s❡❞ ❛♥❞ ❡✈❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ✜❧t❡r✳ ❋✐❣✳ ✷✳✹ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ✈❡❧♦❝✐t② ❡st✐♠❛t✐♦♥ ✉s✐♥❣
s❡✈❡r❛❧ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ ❜❡st r❡s✉❧t ✐s ❣✐✈❡♥ ❜② ✉s✐♥❣ ♥♦♥✲✉♥✐❢♦r♠ ❋❉ ❝♦♠❜✐♥❡❞
✇✐t❤ ❛ ❑❛❧♠❛♥ ✜❧t❡r✳
❋✐❣✉r❡ ✷✳✸✿ ❱❡❧♦❝✐t② ❡st✐♠❛t✐♦♥ ✉s✐♥❣ ✉♥✐❢♦r♠ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s
✷✳✷✳✷ ❱❡❧♦❝✐t② ❉✐r❡❝t✐♦♥ ❊st✐♠❛t✐♦♥
■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✈❡❧♦❝✐t②✱ ✇❡ ♥❡❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ✈❡❧♦❝✐t② ❞✐r❡❝t✐♦♥✱ ✐✳❡✳
γ = atan2(vy, vx) ✭✷✳✷✮
✇❤❡r❡ atan2(., .) ✐s t❤❡ ❢♦✉r q✉❛❞r❛♥t ✐♥✈❡rs❡ t❛♥❣❡♥t ❞❡✜♥❡❞ ♦✈❡r ]− π, π]✳
❆s t❤❡ ❝❛r ✐s ❧✐♠✐t❡❞ t♦ ♣❧❛♥❛r ♠♦t✐♦♥✱ t❤✐s q✉❛♥t✐t② ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ②❛✇ ❛♥❣❧❡✳
❚❤✐s ♠❡t❤♦❞ r❡♠♦✈❡s t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ t❤❡ ❡st✐♠❛t❡❞ ✈❡❧♦❝✐t②✱ ❢♦r ✇❤✐❝❤ t❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ♥♦✐s②
❛♥❞ ❞❡❧❛②❡❞ ✭❡st✐♠❛t✐♦♥ ❞❡❧❛② ❞✉❡ t♦ t❤❡ ✉s❡ ♦❢ ❛ ❑❛❧♠❛♥ ✜❧t❡r✮✳ ❚❤❡ ②❛✇ ♦❢ t❤❡ ❝❛r✱ ❛s ✇❡❧❧ ❛s t❤❡
♣✐t❝❤ ❛♥❞ r♦❧❧✱ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ q✉❛t❡r♥✐♦♥s ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ ❘❖❙ ❚r❛♥s❢♦r♠❛t✐♦♥
❧✐❜r❛r②✳
■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ ②❛✇ t♦ t❤❡ ❛❝t✉❛❧ ✈❡❧♦❝✐t② ❞✐r❡❝t✐♦♥✱ ✇❡ ❛❧s♦ ❡st✐♠❛t❡ γ✳ ❚❤✐s ✐s ❞♦♥❡ ✉s✐♥❣
❡q✉✳ ✷✳✷✱ ❜❛s❡❞ ♦♥ vx ❛♥❞ vy ♦❜t❛✐♥❡❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛s ❛♥ ❛♥❣❧❡
✹
❋✐❣✉r❡ ✷✳✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ✈❡❧♦❝✐t② ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s
γ ✐s ❧✐♠✐t❡❞ t♦ [−π, π]✳ ■♥ ♦r❞❡r t♦ ♥❡❣❛t❡ t❤❡ ✇r❛♣♣✐♥❣ ❡✛❡❝t ♦♥ t❤❡ ❡st✐♠❛t✐♦♥✱ ✇❡ ✉s❡ t✇♦ ❑❛❧♠❛♥
✜❧t❡rs✱ ❢♦r cos(γ) ❛♥❞ sin(γ)✳ ❋✐❣✳ ✷✳✺ s❤♦✇s ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❡st✐♠❛t✐♦♥s ♦❢ γ✳ ❆s
❝❛♥ ❜❡ s❡❡♥✱ t❤❡r❡ ✐s ❛ s♠❛❧❧ ❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ ②❛✇ ❡st✐♠❛t✐♦♥ ❛♥❞ t❤❡ γ ❡st✐♠❛t✐♦♥s✳ ❚❤❡ ❡✛❡❝t ♦❢
✇r❛♣♣✐♥❣ ✐♥ t❤❡ ♣✉r❡ ❑❛❧♠❛♥ ✜❧t❡r ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥✳
❋✐❣✉r❡ ✷✳✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t γ ❡st✐♠❛t✐♦♥s✳ P✉r❡ ❑❛❧♠❛♥ ✜❧t❡r ✭❣r❡❡♥✮ ✉s❡s ❛ s✐♥❣❧❡ ✜❧t❡r
✇❤✐❧❡ ❲r❛♣♣❡❞ ❑❛❧♠❛♥ ✜❧t❡r ✭r❡❞✮ ✉s❡s t✇♦ s❡♣❛r❛t❡ ✜❧t❡rs✳
✷✳✸ ❉❡❧❛② ❊st✐♠❛t✐♦♥
❚❤❡ ✜rst st❡♣ ✐♥ t❤❡ ♣r♦❥❡❝t ✇❛s t♦ ♠❡❛s✉r❡ t❤❡ ❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ tr❛♥s♠✐tt❡r ❛♥❞ t❤❡ r❡❝❡✐✈❡r✳ ❆s
✇❡ ❝❛♥♥♦t ❞✐r❡❝t❧② r❡❝♦r❞ t❤❡ ❝♦♠♠❛♥❞s r❡❝❡✐✈❡❞ ❜② t❤❡ ❝❛r✬s r❡❝❡✐✈❡r✱ ❛ s❡❝♦♥❞ r❡❝❡✐✈❡r ❝♦♥♥❡❝t❡❞
t♦ t❤❡ ❝♦♠♣✉t❡r ✐s ✉s❡❞✳ ❚❤✉s✱ ❡✈❡r② ❝♦♠♠❛♥❞ s❡♥t ❜② t❤❡ ❝♦♠♣✉t❡r t♦ t❤❡ ❝❛r ✐s r❡❝❡✐✈❡❞ ❜② ❜♦t❤
t❤❡ ❝❛r ❛♥❞ t❤❡ s❡❝♦♥❞ r❡❝❡✐✈❡r ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❝♦♠♣✉t❡r ❜② ❛ ❯❙❇ ❝❛❜❧❡✳
✺
❚❤❡ ❞❡❧❛② ✐♥ t❤❡ s②st❡♠ ❝❛♥ ❝♦♠❡ ❢r♦♠ s❡✈❡r❛❧ s♦✉r❝❡s✳ ❋✐rst✱ t❤❡ P❈❚① ✐ts❡❧❢ ❝❛♥ ❝r❡❛t❡ ❞❡❧❛②s✳
❙❡❝♦♥❞✱ t❤❡ ❯❙❇ ❜✉✛❡r ❜❡t✇❡❡♥ t❤❡ P❈❚① ❛♥❞ t❤❡ ❝♦♠♣✉t❡r✳ ❋✐♥❛❧❧②✱ ❛♥♦t❤❡r ❯❙❇ ❜✉✛❡r ✐s ♣r❡s❡♥t
✐♥ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❝❡✐✈❡r ❛♥❞ t❤❡ P❈✳ ❆♥② ❞❡❧❛② ❝❛✉s❡❞ ❜② t❤❡ ❧❛tt❡r ❜✉✛❡r ✇✐❧❧ ♦♥❧②
❛✛❡❝t t❤❡ r❡❝♦r❞✐♥❣s✱ ❜✉t ♥♦t t❤❡ ✈❡❤✐❝❧❡✳
■♥ ♦r❞❡r t♦ ♠❡❛s✉r❡ t❤❡ ❞❡❧❛②✱ ✇❡ r✉♥ ❛ ❜❛s✐❝ ❝♦♥tr♦❧❧❡r ❝♦♠♠❛♥❞✐♥❣ t❤❡ ❝❛r✬s ✈❡❧♦❝✐t② ✇❤✐❧❡ s✐♠✉❧✲
t❛♥❡♦✉s❧② ❧♦❣❣✐♥❣ ❜♦t❤ t❤❡ s❡♥t ❝♦♠♠❛♥❞s ❛♥❞ t❤❡ ❝♦♠♠❛♥❞s r❡❝❡✐✈❡❞ ❜② t❤❡ r❡❝❡✐✈❡r✳ ❋✐❣✳ ✷✳✻❛
s❤♦✇s t❤❡ s❡♥t ❛♥❞ r❡❝❡✐✈❡❞ ❝♦♠♠❛♥❞s✳ ❋✐❣✳ ✷✳✻❜ s❤♦✇s ❛ ❝❧♦s❡r ③♦♦♠ ✐♥t♦ ♦♥❡ ♦❢ t❤❡ st❡♣s✳ ◆♦t❡
t❤❛t t❤❡ s❡♥t ❛♥❞ r❡❝❡✐✈❡❞ ❝♦♠♠❛♥❞s ✉s❡ ❞✐✛❡r❡♥t s❝❛❧❡s t♦ r❡♣r❡s❡♥t t❤❡ s❛♠❡ ❝♦♠♠❛♥❞s✳
✭❛✮ ❙❡♥t ❛♥❞ r❡❝❡✐✈❡❞ ❝♦♠♠❛♥❞s✳ ✭❜✮ ❩♦♦♠ ♦♥ ❞❡❧❛② ♠❡❛s✉r❡♠❡♥ts
❋✐❣✉r❡ ✷✳✻✿ ❉❡❧❛② ❊st✐♠❛t✐♦♥
▼❡❛s✉r✐♥❣ t❤❡ ❞❡❧❛② ❛t ❞✐✛❡r❡♥t st❡♣s r❡s✉❧ts ✐s ❛ ❞❡❧❛② ❜❡t✇❡❡♥ 80ms t♦ 120ms✱ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡
❛r♦✉♥❞ 100ms✳ ❲❡ ❡st✐♠❛t❡ t❤❛t t❤✐s ❞❡❧❛② s❤♦✉❧❞ ♥♦t ❜❡ t♦♦ ❞✐sr✉♣t✐✈❡ t♦ ♦✉r ❝♦♥tr♦❧ s❝❤❡♠❡✳
✻
✸ ▲♦✇ ▲❡✈❡❧ ❚r❛❝❦✐♥❣
❇❡❢♦r❡ ❜❡✐♥❣ ❛❜❧❡ t♦ ✉s❡ ❛♥ ▼P❈ ❛ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ♠✉st ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❚❤✐s tr❛❝❦❡r ✇♦✉❧❞
❝♦♠♠❛♥❞ t❤❡ ✈❡❤✐❝❧❡ ✉s✐♥❣ t❤❡ ❘❈ ✐♥ ♦r❞❡r t♦ tr❛❝❦ ❛ r❡❢❡r❡♥❝❡ ✈❡❧♦❝✐t② ❞✐r❡❝t✐♦♥ ✭γ✮ ❣✐✈❡♥ ❜② t❤❡
▼P❈✳
❚❤❡ tr❛❝❦✐♥❣ ✐s ❞♦♥❡ ✉s✐♥❣ ❛ P■❉ ❝♦♥tr♦❧❧❡r✳ ❍♦✇❡✈❡r✱ ❛s γ ✐s ❛♥ ❛♥❣❧❡✱ t❤❡ ✇r❛♣♣✐♥❣ ♣r♦❜❧❡♠ ♠✉st
❜❡ ❛✈♦✐❞❡❞ ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❡rr♦r✳ ❚❤✉s✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ t❤❡ ❝♦♠♠♦♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢
e = γcurrent − γref ✭✸✳✶✮
✇❡ ✉s❡ ❛ ❢♦r♠✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❞♦t ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ✈❡❝t♦rs ❞❡✜♥❡❞ ❜② γcurrent ❛♥❞ γref ✱
❞❡✜♥❡❞ ❛s✿
s = sign(sin(γcurrent − γref ))
e = s ∗ arccos(clip(cos(γcurrent) cos(γref ) + sin(γcurrent) sin(γref ),−1, 1))
❚❤❡ ❞♦t ♣r♦❞✉❝t ✐s ❝❧✐♣♣❡❞ ❜❡t✇❡❡♥ ✲✶ ❛♥❞ ✶ t♦ ❛✈♦✐❞ ❛♥② ♥✉♠❡r✐❝❛❧ ❡rr♦r✳ ❚❤❡ ✜♥❛❧ ❡rr♦r ✐s t❤❡
❛♥❣❧❡✱ ♦r t❤❡ arccos ♦❢ t❤❡ ❞♦t ♣r♦❞✉❝t✳
❚❤❡ st❛♥❞❛r❞ P■❉ ❢♦r♠✉❧❛t✐♦♥ ✐s t❤❡♥ ✉s❡❞✿
u = P + Ti I + TdD
uclipped = clip(u,−umax, umax)
✇❤❡r❡
P = Kp ∗ e , I = clip(
∑
e−
controlDiff
2
,−30, 30) , D = e− eprevious ✭✸✳✷✮
controlDiff = uclipped − u ✭✸✳✸✮
❚❤✉s✱ t❤❡ st❡❡r✐♥❣ ❝♦♠♠❛♥❞ w ✐s ❣✐✈❡♥ ❜②
w = uclipped + bias ✭✸✳✹✮
Kp, Ti, Td, umax ❛♥❞ bias ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❧❛t❢♦r♠ ✉s❡❞✳ ❋♦r t❤❡ ❝❛r ❛ ♣✉r❡ P ❝♦♥tr♦❧❧❡r ✐s ✉s❡❞✳
◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳
❋✐❣✳ ✸✳✶ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ✉s✐♥❣ t❤❡ tr❛❝❦❡r ❢♦r ❛ st❡♣ ✐♥♣✉t✳
❋✐❣✉r❡ ✸✳✶✿ ▲♦✇ ▲❡✈❡❧ ❚r❛❝❦✐♥❣ r❡s✉❧ts ❢♦r ❛ st❡♣ ✐♥♣✉t
✼
✽
✹ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t ❛♥❞ ❉②♥❛♠✐❝s
■♥ ♦r❞❡r t♦ ❝r❡❛t❡ ❛ ♣❛t❤ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r✱ ❛ ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ P❛t❤✲❋♦❧❧♦✇✐♥❣ ❈♦♥tr♦❧ ✭▼P❋❈✮
s❝❤❡♠❡ ✐s ✉s❡❞✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ ▼P❋❈ ✐s t♦ r❡♣❧❛❝❡ t❤❡ t✐♠❡✲♣❛r❛♠❡tr✐③❡❞ r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r②
❜② ❛ ❣❡♦♠❡tr✐❝ r❡❢❡r❡♥❝❡ ♣❛t❤✳ ❆ ✈✐rt✉❛❧ s②st❡♠ ✐s ❛❞❞❡❞ ✐♥❝❧✉❞✐♥❣ ❛ ✈✐rt✉❛❧ t✐♠❡ ✈❛r✐❛❜❧❡ τ ❛♥❞ ❛
✈✐rt✉❛❧ r❡❢❡r❡♥❝❡ ♣♦✐♥t✳ ❆t ❛♥② ❣✐✈❡♥ t✐♠❡✱ t❤❡ r❡❢❡r❡♥❝❡ ♣♦✐♥t ❛❝ts ❛s t❤❡ tr❛❝❦✐♥❣ r❡❢❡r❡♥❝❡ ❢♦r t❤❡
❝❛r ❛♥❞ ❝❛♥ ❜❡ ♠♦✈❡❞ ❛❧♦♥❣ t❤❡ ♣❛t❤ ❜② ❝❤❛♥❣✐♥❣ τ ✳ ❚❤❡ ✐♥♣✉ts t♦ t❤❡ r❡❛❧ s②st❡♠ ❛♥❞ t❤❡ ✈✐rt✉❛❧
s②st❡♠ ❛r❡ ❝♦♠♣✉t❡❞ ❜② r❡❝❡❞✐♥❣ ❤♦r✐③♦♥ ♦♣t✐♠✐③❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤ ✐s ❢♦❧❧♦✇❡❞ ✇✐t❤
♠✐♥✐♠✉♠ tr❛❝❦✐♥❣ ❡rr♦r✳
❲❡ ✉s❡ ❛ s②st❡♠ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✾❪✳ ■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ♣❛t❤ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ❢♦r
t❤❡ ❝❛r✱ t❤❡ ♠♦❞❡❧s ❢♦r t❤❡ ❝❛r s②st❡♠ ❛♥❞ t❤❡ ✈✐rt✉❛❧ s②st❡♠ ❛r❡ ❞❡✜♥❡❞✳ ❆ tr❛❝❦✐♥❣ ❡rr♦r ♠❡tr✐❝ ✐s
❛❧s♦ ❞❡✜♥❡❞ t♦ ❡♥❛❜❧❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ▼P❋❈ s❝❤❡♠❡s✳
✹✳✶ ❈❛r ▼♦❞❡❧
❚❤❡ ❝❛r✬s ♣♦s✐t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❛ ✜①❡❞ ❛❜s♦❧✉t❡ ❝♦♦r❞✐♥❛t❡s s②st❡♠ ♦❢ (x, y, z)✳ ❆s t❤❡ ❝❛r✬s ❛❧t✐t✉❞❡
✐s ❝♦♥st❛♥t✱ t❤❡ ③ ❝♦♠♣♦♥❡♥t ✐s ❞r♦♣♣❡❞ ❢r♦♠ t❤❡ st❛t❡ ❛♥❞ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝❛r✬s
✈❡❧♦❝✐t②✱ ♥♦t❡❞ γ✳ ❇② s✐♠♣❧❡ ❣❡♦♠❡tr✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s✱ γ ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ ① ❛♥❞ ② ❜②
γ = atan2(y˙, x˙) ✭✹✳✶✮
✇❤❡r❡ atan2(., .) ✐s t❤❡ ❢♦✉r q✉❛❞r❛♥t ✐♥✈❡rs❡ t❛♥❣❡♥t ❞❡✜♥❡❞ ♦✈❡r ] − π, π]✳ ❚❤❡ st❛t❡ ♦❢ t❤❡ ❝❛r ❛t
t✐♠❡ t ❛♥❞ t❤❡ s②st❡♠ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s✱
q(t) :=

x(t)y(t)
γ(t)

 ✭✹✳✷✮
q˙ =

v cosγv sinγ
k · uγ

 ✭✹✳✸✮
✇❤❡r❡ q ∈ Q ✱ v ✐s t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❝❛r ❛♥❞ uγ ✐s ❛♥ ✐♥♣✉t ❛✛❡❝t✐♥❣ t❤❡ st❡❡r✐♥❣ ♦❢ t❤❡ s②st❡♠✱ ❛s
γ˙ = k · uγ ✳ ■♥ ♦r❞❡r t♦ ✐♠✐t❛t❡ ❛ ❦✐t❡ ✐♥ ❛♥ ❆✐r❜♦r♥❡ ❲✐♥❞ ❊♥❡r❣② s②st❡♠ ✇❤♦s❡ ✈❡❧♦❝✐t② ❝❛♥♥♦t ❜❡
❝♦♥tr♦❧❧❡❞✱ t❤❡ s❛♠❡ ❝♦♥str❛✐♥t ✐s ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❝❛r✬s ✈❡❧♦❝✐t②✳ ❚❤❡ t❤r♦tt❧❡ ✐s t❤✉s s❡t t♦ ❛ ✜①❡❞ ✈❛❧✉❡
❛♥❞ ✐s♥✬t ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❝♦♥tr♦❧❧❡r✳ ❚❤❡ ❝❛r✬s ✈❡❧♦❝✐t② ♠❛② ♦♥❧② ❝❤❛♥❣❡ ❞✉❡ t♦ s②st❡♠ ❞②♥❛♠✐❝s✱
✇✐t❤♦✉t ❛♥② ❡①t❡r♥❛❧ ✐♥♣✉t✳
✹✳✷ ❘❡❢❡r❡♥❝❡ P❛t❤
❆ s✉✐t❛❜❧❡ r❡❢❡r❡♥❝❡ ♣❛t❤ ❢♦r t❤❡ s②st❡♠ ✐s ❛ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥
qref (τ) : R −→ Q ✇❤✐❝❤ ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿
❆ss✉♠♣t✐♦♥ ✶✿✭◆♦♥❤♦❧♦♠✐❝✐t② ❈♦♥str❛✐♥t✮ γref ✈❡r✐✜❡s t❤❡ ♥♦♥❤♦❧♦♠✐❝✐t② ❝♦♥str❛✐♥t ♦❢
γref = atan2(∂τyref , ∂τxref )✳
❆ss✉♠♣t✐♦♥ ✷✿ ✭❘❡❣✉❧❛r ❈✉r✈❡✮ ❚❤❡ ♣❛t❤ ✐s ❛ r❡❣✉❧❛r ❝✉r✈❡ s✉❝❤ t❤❛t t❤❡ r❡❢❡r❡♥❝❡ ♣♦✐♥t ❞♦❡s♥✬t
r❡♠❛✐♥ st❛t✐♦♥❛r② ✇❤✐❧❡ τ ❝❤❛♥❣❡s✱ ‖ ˙qref (τ)‖ 6= 0 ∀τ ✳
❆ss✉♠♣t✐♦♥ ✸✿ ✭❋❡❛s✐❜✐❧✐t②✮ ❚❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤ ✐s ❧✐♠✐t❡❞ s✉❝❤ t❤❛t tr❛❝❦✐♥❣ ✐s ❢❡❛✲
s✐❜❧❡ ✉♥❞❡r t❤❡ ✐♥♣✉t ❝♦♥str❛✐♥ts ❣✐✈❡♥ t❤❡ ❝❛r✬s s♣❡❡❞✳
❚❤❡ ❝❤♦s❡♥ r❡❢❡r❡♥❝❡ ♣❛t❤ ✐s ❛ ✜❣✉r❡✲✽ ❞❡✜♥❡❞ ❛s✿
xref (τ) = h+ a sin(2τ) yref (τ) = 4 a cos(τ) ✭✹✳✹✮
❛♥❞ γref ✐s ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ ❛ss✉♠♣t✐♦♥ ✶✳
■♥ ♦r❞❡r t♦ tr❛❝❦ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤✱ ❛ ✈✐rt✉❛❧ s②st❡♠ ✐s ❝r❡❛t❡❞ ✇❤❡r❡ ❛ ✈✐rt✉❛❧ ♣♦✐♥t ✐s ♠♦✈❡❞ ❛❧♦♥❣
t❤❡ ♣❛t❤ ❜② ✈❛r②✐♥❣ τ ✉s✐♥❣ t❤❡ ✐♥♣✉t uτ ✳ ❚❤❡ ✈✐rt✉❛❧ s②st❡♠ ❞②♥❛♠✐❝s ✐s
τ˙ = uτ ✭✹✳✺✮
✇❤❡r❡ uτ ∈ R
+ s✉❝❤ t❤❛t t❤❡ ✈✐rt✉❛❧ ♣♦✐♥t ❝❛♥ ♦♥❧② ♠♦✈❡ ✐♥ ❛ s✐♥❣❧❡ ❞✐r❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ ♣❛t❤✳
✾
✹✳✸ ❆✉❣♠❡♥t❡❞ ❙②st❡♠
❚❤❡ ❛✉❣♠❡♥t❡❞ s②st❡♠ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ✈✐rt✉❛❧ s②st❡♠s
x(t) := (q(t), τ(t)) ✭✹✳✻✮
✇❤♦s❡ ❞②♥❛♠✐❝s ❛r❡ ❣✐✈❡♥ ❜② ❡q✉✳ ✹✳✸ ❛♥❞ ✹✳✺✳ ❚❤❡ s②st❡♠✬s ✐♥♣✉t ✐s ❣✐✈❡♥ ❜②
u(t) := (uγ , uτ ) ✭✹✳✼✮
❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ♣❛t❤ ❢♦❧❧♦✇✐♥❣ ❡rr♦r ❛t t✐♠❡ t ❛s
e(t) = q(t)− qref (τ(t)) ✭✹✳✽✮
✹✳✹ ❚r❛❝❦✐♥❣ ❊rr♦r ▼❡tr✐❝
■♥ ♦r❞❡r t♦ ♠❡❛s✉r❡ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r ❛♥❞ ❝♦♠♣❛r❡ ❞✐✛❡r❡♥t ▼P❋❈ s❝❤❡♠❡s✱ ❛ ❘♦♦t ▼❡❛♥ ❙q✉❛r❡
❊rr♦r ✭❘▼❙❊✮ ♠❡❛s✉r❡♠❡♥t ✐s ✉s❡❞✳ ❖✈❡r N = 2 ❧♦♦♣s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤✱ t❤❡ ❡rr♦r ❜❡t✇❡❡♥
t❤❡ ♦❜s❡r✈❡❞ st❛t❡ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ❛r❡ r❡❝♦r❞❡❞✳ ❆s t❤❡ r❡❢❡r❡♥❝❡ ♣♦✐♥t ✐s ❞❡✜♥❡❞ ❜② τ ❛♥❞ ✐s
2π✲♣❡r✐♦❞✐❝✱ ✇❡ t❛❦❡ ❛♥ ✐♥t❡r✈❛❧ ✇❤❡r❡ τ ✈❛r✐❡s ❜② 2πN ✳ ■♥ ♦r❞❡r t♦ ❡①❝❧✉❞❡ ❛♥② tr❛♥s✐t♦r② ❡✛❡❝t ✐♥
t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ t❡st✱ ✇❡ st❛rt ♠❡❛s✉r✐♥❣ t❤❡ ❡rr♦r ❛t τ = 2π✳ ❚❤❡ ✜♥❛❧ tr❛❝❦✐♥❣ ❡rr♦r ✐s t❤❡
❘▼❙❊ ✈❛❧✉❡ ♦❢ t❤❡s❡ ❡rr♦rs✱ s✉❝❤ t❤❛t
etracking(t) = ‖q(t)− qref (τ(t))‖ ✭✹✳✾✮
ET = RMSE(etracking(τ)) =
√
❊ [e(τ)] ∀τ ∈ [2π, 2π(N + 1)] ✭✹✳✶✵✮
✇❤❡r❡ ❊[] ♥♦t❡s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡✳
✶✵
✺ ◆♦♠✐♥❛❧ ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ P❛t❤✲❋♦❧❧♦✇✐♥❣ ❈♦♥tr♦❧
✺✳✶ ❚❤❡ ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ P❛t❤✲❋♦❧❧♦✇✐♥❣ ❈♦♥tr♦❧ ❙❝❤❡♠❡
❚❤❡ ✜rst s❝❤❡♠❡ ✐s ❛ ♥♦♠✐♥❛❧ ▼P❋❈ s❝❤❡♠❡✳ ❚❤❡ ❖♣t✐♠❛❧ ❈♦♥tr♦❧ Pr♦❜❧❡♠ ✭❖❈P✮ t♦ ❜❡ s♦❧✈❡❞ ✐s
❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❖❈P✿
min
x(·),u(·)
∫ T
0
1
2
‖e(t)‖2Q +
1
2
‖u(t)‖2Ru ds +
1
2
‖e(T )‖2Qf ✭✺✳✶✮
subject to ✭✺✳✷✮
dynamics with x(0) = xˆ(t) ✭✺✳✸✮
u(s) ∈ U , x(s) ∈ X ∀s ∈ [0, T ] ✭✺✳✹✮
1
2
‖e(T )‖2Q + e(T )
TQf q˙(T ) ≤ 0 ✭✺✳✺✮
e(T )TQf q˙ref (τ(T )) ≥ 0 ✭✺✳✻✮
✇❤❡r❡ X := Q × R , U ∈ R × R+ ❛♥❞ xˆ(t) ✐s t❤❡ ♦❜s❡r✈❡❞ s②st❡♠ st❛t❡ ❛t t✐♠❡ t ✉♥❞❡r t❤❡ ▼P❋❈
❝❧♦s❡❞ ❧♦♦♣ ❝♦♥tr♦❧❧❡r✳ ❊q✉✳ ✺✳✺ ❛♥❞ ✺✳✻ ❛r❡ t❤❡ t❡r♠✐♥❛❧ ❝♦♥str❛✐♥ts ♦❢ t❤❡ s②st❡♠✱ ✉s❡❞ t♦ ❣✉❛r❛♥t❡❡
❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ t❡r♠✐♥❛❧ ❝♦♥str❛✐♥ts ❛r❡ ❞❡r✐✈❡❞ ❜❛s❡❞ ♦♥ ✈❡❝t♦r ✜❡❧❞ ❝♦♥tr♦❧❧❡rs✳
❚❤❡ ❖❈P ✐s s♦❧✈❡❞ r❡♣❡t✐t✐✈❡❧② ✐♥ ❛ r❡❝❡❞✐♥❣ ❤♦r✐③♦♥ ❢❛s❤✐♦♥ ❛t ❝✉rr❡♥t t✐♠❡ t✳ ❆s ❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧②✱
t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r r❡❝❡✐✈❡s t❤❡ ♦♣t✐♠❛❧ γ ❢r♦♠ t❤❡ ▼P❋❈ ❝♦♥tr♦❧❧❡r ❛♥❞ tr❛❝❦s ✐t✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ ❛❝t✉❛❧ r❡❢❡r❡♥❝❡ t♦ t❤❡ tr❛❝❦❡r ✐s
γˆ(t) = γ∗(0) ✭✺✳✼✮
❚❤✐s r❡❢❡r❡♥❝❡ ✐s s❡♥t t♦ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ❛❢t❡r ❡❛❝❤ s✉❝❝❡ss❢✉❧ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ ❖❈P ✐s t❤❡♥
s♦❧✈❡❞ ❛❣❛✐♥ ✉s✐♥❣ t❤❡ ♥❡✇ ♠❡❛s✉r❡❞ st❛t❡ ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ✈✐rt✉❛❧ s②st❡♠ ❡✈♦❧✈❡s
❛❝❝♦r❞✐♥❣ t♦ ✐ts ❞②♥❛♠✐❝s ✉s✐♥❣ t❤❡ ♦♣t✐♠❛❧ u∗τ ♦❜t❛✐♥❡❞✳
❆s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❛♥♥♦t ✉s❡ ❝♦♥t✐♥✉♦✉s t✐♠❡✱ t❤❡ ❖❈P ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❞✐s❝r❡t❡ t✐♠❡
s②st❡♠✳ ❆ ❤♦r✐③♦♥ ❧❡♥❣t❤ ♦❢ N ✐s ❝❤♦s❡♥✱ s♦ t❤❡ ❤♦r✐③♦♥ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ N st❡♣s ♦❢ ❧❡♥❣t❤ δ✳ ❊❛❝❤
st❡♣ ✐s ✐♥❞❡①❡❞ ❜② k = 0, . . . , N ✱ s✉❝❤ t❤❛t tk = kδ ❛♥❞ T = Nδ✳ ❚♦ ♣r❡❞✐❝t t❤❡ ♥❡①t st❛t❡✱ xk ✐s
✐♥t❡❣r❛t❡❞ ✉s✐♥❣ ❛ st❛♥❞❛r❞ ♦r❞❡r ✹ ❘✉♥❣❡✲❑✉tt❛ ✭❘❑✹✮ ♠❡t❤♦❞ ✭s❡❡ ❬✶✺❪✮✱ ❛ss✉♠✐♥❣ ❛ ❝♦♥st❛♥t ✐♥♣✉t
❞✉r✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥✳ ❇❡t✇❡❡♥ st❡♣s✱ ♠✉❧t✐♣❧❡ s❤♦♦t✐♥❣ ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ❛r❡ ❛♣♣❧✐❡❞✱ s✉❝❤ t❤❛t
xk+1 = RK4 (xk)✳
❘❡♠❛r❦ ✶✿ ❆s t❤❡ ✈❡❧♦❝✐t② ✐s♥✬t ❝♦♥tr♦❧❧❡❞ ❜✉t ✐s ♣❛rt ♦❢ t❤❡ ❞②♥❛♠✐❝s✱ ❝♦♥st❛♥t ✈❡❧♦❝✐t② ✐s ❛ss✉♠❡❞
♦✈❡r t❤❡ ❢✉❧❧ ❤♦r✐③♦♥✳ ❚❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❝❛r ✐s ♠❡❛s✉r❡❞ ♦♥❝❡ ❜❡❢♦r❡ s♦❧✈✐♥❣ t❤❡ ❖❈P✳
❘❡♠❛r❦ ✷✿ ❋♦r t❤❡ ♥♦♠✐♥❛❧ ▼P❋❈✱ ✇❡ ❛ss✉♠❡ k = 1 ✐♥ ❡q✉✳ ✹✳✸✳
✺✳✷ ❆❞❞✐t✐♦♥❛❧ ❈♦♥str❛✐♥ts ❛♥❞ ❈♦st
❲❤✐❧❡ t❤❡♦r❡t✐❝❛❧❧② s♦✉♥❞✱ t❤❡ st❛♥❞❛r❞ ❖❈P ❢♦r♠✉❧❛t❡❞ ✐♥ ❡q✉✳ ✺✳✶ ✐s ♥♦t ❡♥♦✉❣❤ t♦ ✇♦r❦ ♦♥ ❛
r❡❛❧ ✇♦r❧❞ ♣r♦❜❧❡♠✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❤❛s ♠❛♥② ✐♠♣❡r❢❡❝t✐♦♥s ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐♠✉❧❛t✐♦♥✳
❙✉❝❤ ✐♠♣❡r❢❡❝t✐♦♥s ❝❛♥ ❜❡ ♥♦✐s❡ ❢r♦♠ s❡♥s♦rs ❛♥❞ ❛♠❜✐❡♥t ❝♦♥❞✐t✐♦♥s✱ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❤❛r❞✇❛r❡
✭s✉❝❤ ❛s ♠♦t♦rs ❛♥❞ s♣❡❡❞ ❧✐♠✐ts✮✱ ✐♥❛❝❝✉r❛❝✐❡s✱ ❝♦♥tr♦❧ ❛♥❞ ❡st✐♠❛t✐♦♥ ❞❡❧❛②s✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡s②♥✲
❝❤r♦♥✐③❛t✐♦♥ ❛♥❞ ❞✐✣❝✉❧t② t♦ ♠❛✐♥t❛✐♥ r❡❛❧✲t✐♠❡✳ ❉✉❡ t♦ t❤❡s❡ ✐♠♣❡r❢❡❝t✐♦♥s✱ ❡①♣❡r✐♠❡♥ts ♣r❡s❡♥t
♠♦r❡ ❞✐✣❝✉❧t✐❡s ❛♥❞ r❡q✉✐r❡ ❝♦rr❡❝t✐♦♥s ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ❡♥❝♦✉♥t❡r❡❞
❞✉r✐♥❣ ❡①♣❡r✐♠❡♥ts ✐s t❤❡ ◆♦♥✲▲✐♥❡❛r Pr♦❜❧❡♠ ✭◆▲P✮ s♦❧✈❡r ❥✉♠♣✐♥❣ s✐❣♥✐✜❝❛♥t❧② ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t
❧♦❝❛❧ s♦❧✉t✐♦♥s ♦♥ ❞✐✛❡r❡♥t r✉♥s✳ ❆s ❛❧❧ ▼P❈ ❢♦r♠✉❧❛t✐♦♥s ❛ss✉♠❡ t❤❡ s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ❥✉♠♣ ❢r♦♠
♦♥❡ ✐t❡r❛t✐♦♥ t♦ ❛♥♦t❤❡r✱ t❤❡ ♣r♦❜❧❡♠ r❡q✉✐r❡s r❡❣✉❧❛r✐③❛t✐♦♥✳ ❋✐❣✳ ✺✳✶ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ♥♦♠✐♥❛❧
▼P❋❈ r✉♥♥✐♥❣ ♦♥ t❤❡ ❝❛r✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✺✳✶❛✱ uγ ✐s ❡①tr❡♠❡❧② ❥✐tt❡r②✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥
✉♥s♠♦♦t❤ γ✳ ❆s γ ✐s t❤❡♥ s❡♥t t♦ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r t❤❡ r❡s✉❧t ✐s ❛ ✉♥s♠♦♦t❤ tr❛❥❡❝t♦r② ✇✐t❤ ♠❛♥②
❞✐r❡❝t✐♦♥ ❝❤❛♥❣❡s ✭✜❣✳ ✺✳✶❜✮
■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤✐s ❡✛❡❝t ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ r❡❛❧ ❝❛r✱ s❡✈❡r❛❧ r❡❣✉❧❛r✐③❛t✐♦♥
s❝❤❡♠❡s ❛r❡ ❛❞❞❡❞ ❛s ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts ❛♥❞ ❝♦sts✳ ❚❤❡s❡ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛✲
❣r❛♣❤s✳
✶✶
✭❛✮ uγ ❛♥❞ γ ✭❜✮ ❚r❛❥❡❝t♦r② [ET = 0.8061]
❋✐❣✉r❡ ✺✳✶✿ uγ ❛♥❞ γ ❢♦r ♥♦♠✐♥❛❧ ▼P❋❈ ✭❡①♣❡r✐♠❡♥t❛❧✮
■♥♣✉t ❝♦♥str❛✐♥ts
❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥♣✉t ❝♦♥str❛✐♥ts ❛r❡ ❛❞❞❡❞ t♦ t❤❡ s②st❡♠✿


uk − uk−1 − Ek <
(
0
0
)
uk − uk−1 + Ek >
(
0
0
) ✭✺✳✽✮
✇❤❡r❡ Ek ❛r❡ s❧❛❝❦ ✈❛r✐❛❜❧❡s ❛♥❞ k ✐s t❤❡ st❡♣ ✐♥❞❡① ♦✈❡r t❤❡ ❤♦r✐③♦♥✳
❇② ❛❧s♦ ❛❞❞✐♥❣ ❛ ♣❡♥❛❧t② t❡r♠ ♦♥ Ek t♦ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ✈❛r✐❛t✐♦♥s ❜❡t✇❡❡♥ ❝♦♥s❡❝✉t✐✈❡ ✐♥♣✉ts
♦✈❡r t❤❡ ❤♦r✐③♦♥ ❛r❡ ♣❡♥❛❧✐③❡❞✳ ❚❤✐s ❤❛s t❤❡ ❡✛❡❝t ♦❢ r❡❞✉❝✐♥❣ r❛♣✐❞ ✈❛r✐❛t✐♦♥ ✐♥ u ❛♥❞ s♠♦♦t❤✐♥❣
t❤❡ ❝♦♥tr♦❧✳ ❚❤❡ ♣❡♥❛❧t② t❡r♠ ❢♦r ❡❛❝❤ s❧❛❝❦ ✈❛r✐❛❜❧❡ ✐s ‖Ek‖
2
QE
✱ s♦ t❤❡ ♦✈❡r❛❧❧ ❝♦st ✐s ✐♥❝r❡❛s❡❞ ❜②∑
k ‖Ek‖
2
QE
✳
❖❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥
■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❛ ✇r❛♣♣✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❡rr♦r ♦♥ γ ✇❡ s♣❧✐t t❤❡ ❡rr♦r ♣❡♥❛❧t② ✐♥ ❡q✉✳ ✺✳✶ t♦ t❤r❡❡
t❡r♠s✱ ❛s ❢♦❧❧♦✇❡❞✿
‖e(t)‖2Q =
∥∥∥∥
(
ex(t)
ey(t)
)∥∥∥∥
2
Q11,22
+ ‖esin γ(t)‖
2
Q33
+ ‖ecos γ(t)‖
2
Q33
✭✺✳✾✮
✇❤❡r❡ esin γ(t) = sin(γ(t))− sin(γref (t)) ❛♥❞ s✐♠✐❧❛r❧② ❢♦r ecos γ ✳ ❆ s✐♠✐❧❛r ♠♦❞✐✜❝❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦
‖e(T )‖2Qf ✳
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❡q✉✳ ✺✳✶ ♣❡♥❛❧✐③❡s u(t) ✐❢ ✐t ✐s ❞✐✛❡r❡♥t t❤❛♥ ✵✳ ■♥ ❛❞❞✐t✐♦♥✱ u ❝♦✉❧❞
❜❡ r❡❣✉❧❛r✐③❡❞ t♦✇❛r❞s t❤❡ ✐♥♣✉t ❢♦✉♥❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼P❋❈ ♣r♦❜❧❡♠✱ ❜② ♣❡♥❛❧✐③✐♥❣
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝✉rr❡♥t ✐♥♣✉t ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ❚❤✉s✱ t❤❡ t❡r♠ 12 ‖uk‖
2
Ru
✐s r❡♣❧❛❝❡❞
❜②
1
2
‖uk‖
2
Ru
+
1
2
‖uk − ureg,k‖
2
R
✭✺✳✶✵✮
✇❤❡r❡ ureg ✐s t❤❡ ❝♦♥tr♦❧ ✐♥♣✉t s❡q✉❡♥❝❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧❛st s♦❧✉t✐♦♥ ♦❢ t❤❡ ❖❈P✱ s❤✐❢t❡❞ ✐♥ t✐♠❡ t♦
♠❛t❝❤ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ✐♥✐t✐❛❧ t✐♠❡s ♦❢ t❤❡ t✇♦ ❝♦♥tr♦❧ s❡q✉❡♥❝❡s✳
❚❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ ❛❧❧ t❤❡ ❝♦♥tr♦❧❧❡r✬s ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳
✶✷
✺✳✸ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts
❚✇♦ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❞❡s❝r✐❜❡❞ ▼P❋❈ s❝❤❡♠❡✳ ❯s✐♥❣ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r ♠❡❛✲
s✉r❡♠❡♥t ❢r♦♠ ❡q✉✳ ✹✳✾ ❛♥❞ ✹✳✶✵✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛❝❦✐♥❣ ❡rr♦rs ❛r❡ ✵✳✾✵✷✺ ❛♥❞ ✵✳✽✻✵✺✳ ❋✐❣✳ ✺✳✷
s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ♦♥❡ ❡①♣❡r✐♠❡♥t✳ ❋✐❣✳ ✺✳✷❛ s❤♦✇s t❤❡ ❡①❡❝✉t❡❞ tr❛❥❡❝t♦r② ❛♥❞ r❡❢❡r❡♥❝❡ ♣❛t❤
✇❤✐❧❡ ✜❣✳ ✺✳✷❜ s❤♦✇s t❤❡ tr❛❝❦✐♥❣ ❡rr♦r✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ tr❛❝❦✐♥❣ ✐s ♥♦t ♣❡r❢❡❝t ❛♥❞ t❤❡r❡ ✐s q✉✐t❡
❛ ❜✐❣ ♦✈❡rs❤♦♦t✳
−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5
x [m]
−3
−2
−1
0
1
2
3
y
 [
m
]
Trajectory for 2 figures
reference
executed
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.8605]
10 15 20 25 30 35 40 45 50
time [s]
0.0
0.2
0.4
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tr
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rr
o
r 
[m
]
Tracking error for 2 figures
✭❜✮ ❊rr♦r ❞✉r✐♥❣ ✷ ❧♦♦♣s
❋✐❣✉r❡ ✺✳✷✿ ◆♦♠✐♥❛❧ ▼P❋❈ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥ ✭❡①♣❡r✐♠❡♥t❛❧✮
❆s ❛ ❝♦♥tr♦❧✱ ♦✉r ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥t ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ❡①❛♠✐♥❡❞✳ ❋✐❣✳ ✺✳✸❛ s❤♦✇s t❤❡ ♦❜s❡r✈❡❞
✈❡❧♦❝✐t② ♦❢ t❤❡ ❝❛r ❞✉r✐♥❣ t❤❡ r✉♥✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ ❡✈❡♥ ❢♦r ❛ ✜①❡❞ t❤r♦tt❧❡ t❤❡ ❛❝t✉❛❧ ✈❡❧♦❝✐t② ✐s ♥♦t
❝♦♥st❛♥t ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥t ✈❡❧♦❝✐t② ♦✈❡r t❤❡ ❤♦r✐③♦♥ ✐s ♥♦t ♣❡r❢❡❝t❧② ✈❡r✐✜❡❞✳
❆♥♦t❤❡r ♣♦✐♥t t♦ ❡①❛♠✐♥❡ ✐s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r✳ ■❢ t❤❡ tr❛❝❦✐♥❣ ✐s ❜❛❞✱ t❤❡ ❝❛r
✇♦✉❧❞ ♥♦t ❢♦❧❧♦✇ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤ ♣❧❛♥♥❡❞ ❜② t❤❡ ▼P❋❈✳ ❋✐❣✳ ✺✳✸❜ s❤♦✇s t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦✐♥❣
♣❡r❢♦r♠❛♥❝❡✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ✇❤✐❧❡ t❤❡ tr❛❝❦✐♥❣ ✐s ❞❡❝❡♥t✱ ✐t ✐s ♥♦t ♣❡r❢❡❝t ❛♥❞ t❤❡r❡ ✐s ❛ s❧✐❣❤t
❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ γ✳
❇♦t❤ t❤❡ ✈❡❧♦❝✐t② ✈❛r✐❛t✐♦♥ ❛♥❞ t❤❡ ❞❡❧❛② ✐♥ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦✐♥❣ ♠❛② ❝♦♥tr✐❜✉t❡ t♦ ❛ ❧♦✇❡r ♣❡r❢♦r✲
♠❛♥❝❡ ♦❢ t❤❡ ♣❛t❤✲❢♦❧❧♦✇✐♥❣ s❝❤❡♠❡✳
✭❛✮ ❱❡❧♦❝✐t② ♣r♦✜❧❡ ♦❢ t❤❡ ❝❛r ✭❡①♣❡r✐♠❡♥t❛❧✮ ✭❜✮ ▲♦✇ ❧❡✈❡❧ tr❛❝❦✐♥❣ ✭❡①♣❡r✐♠❡♥t❛❧✮
❋✐❣✉r❡ ✺✳✸✿ ❱❡❧♦❝✐t② ♣r♦✜❧❡ ❛♥❞ ❧♦✇ ❧❡✈❡❧ tr❛❝❦✐♥❣ ❢♦r ♥♦♠✐♥❛❧ ▼P❋❈ ✭❡①♣❡r✐♠❡♥t❛❧✮
❘❡♠❛r❦✿ ❚❤❡s❡ r❡s✉❧ts ✉s❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❆✱ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ QE =
✶✸
1000✳ ❚❤❡ ✈❛❧✉❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ✐s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤✐s t❤❡s✐s ✭s❡❡ ♥❡①t
s✉❜s❡❝t✐♦♥✮✳
✺✳✸✳✶ ■♠♣r♦✈✐♥❣ P❡r❢♦r♠❛♥❝❡ ❜② P❛r❛♠❡t❡rs ❚✉♥✐♥❣
❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♥♦♠✐♥❛❧ ▼P❋❈ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② t✉♥✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡r✬s ♣❛r❛♠❡t❡rs✳
❙❧❛❝❦ ❱❛r✐❛❜❧❡s ❈♦st
❆s t❤❡ s❧❛❝❦ ✈❛r✐❛❜❧❡s E❦ ❛r❡ ♥♦t ♣❛rt ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♦❢ ♦♥ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ✭❬✾❪✮✱
✇❡ st❛rt ❜② r❡❞✉❝✐♥❣ QE ✳ ❋✐❣✳ ✺✳✹ s❤♦✇s t❤❡ tr❛❝❦✐♥❣ r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ QE ✳ ❆s ❝❛♥ ❜❡
s❡❡♥✱ t❤❡ tr❛❝❦✐♥❣ ❣❡ts ❜❡tt❡r t❤❡ s♠❛❧❧❡r QE ✐s ❛♥❞ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r ❞❡❝r❡❛s❡s✳ ▲♦❣✐❝❛❧❧②✱ ♦♥❡ ✇♦✉❧❞
❛s♣✐r❡ t♦ r❡❞✉❝❡ QE ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡✳ ❍♦✇❡✈❡r✱ s❡tt✐♥❣ QE t♦ ✵✱ ✐✳❡✳ ✐❣♥♦r✐♥❣ t❤❡ s❧❛❝❦ ✈❛r✐❛❜❧❡s✱
r❡s✉❧ts ✐♥ ❛ ❥✐tt❡r② γ ❛s ✇❛s ❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧② ✭❛♥❞ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✺✳✶✱ ✇❤❡r❡ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r
✇❛s ✵✳✽✵✻✶✮✳
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Trajectory for 2 figures
reference
executed
✭❛✮ ❚r❛❥❡❝t♦r② ❢♦r QE = 1000 [ET = 0.8353]
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Trajectory for 2 figures
reference
executed
✭❜✮ ❚r❛❥❡❝t♦r② ❢♦r QE = 100 [ET = 0.6067]
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]
Trajectory for 2 figures
reference
executed
✭❝✮ ❚r❛❥❡❝t♦r② ❢♦r QE = 10 [ET = 0.4211]
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Trajectory for 2 figures
reference
executed
✭❞✮ ❚r❛❥❡❝t♦r② ❢♦r QE = 1 [ET = 0.3308]
❋✐❣✉r❡ ✺✳✹✿ ❚r❛❥❡❝t♦r✐❡s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ QE ✭❡①♣❡r✐♠❡♥t❛❧✮
❚❤❡s❡ r❡s✉❧ts ✇❡r❡ ❛❧s♦ ❝♦♥✜r♠❡❞ ✉s✐♥❣ s✐♠✉❧❛t✐♦♥✱ ✇✐t❤ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ QE = 0✳
■♥ s✐♠✉❧❛t✐♦♥✱ ✇❤❡r❡ ♥♦✐s❡ ❛♥❞ ✐♠♣❡r❢❡❝t✐♦♥s ❞♦♥✬t ❡①✐st✱ γ ✐s♥✬t ❥✐tt❡r② ❛♥❞ t❤✉s t❤❡ s❧❛❝❦ ✈❛r✐❛❜❧❡s
❝❛♥ ❜❡ r❡♠♦✈❡❞✳
✶✹
❚r❛❝❦✐♥❣ ❊rr♦r ❈♦st
❆♥♦t❤❡r ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❝❛♥ ❜❡ t✉♥❡❞ ✐s t❤❡ ❡rr♦r ❝♦st ♠❛tr✐① Q✱ ✇❤✐❝❤ ♣❡♥❛❧✐③❡s t❤❡ ❡rr♦r ❜❡t✇❡❡♥
t❤❡ ❝❛r✬s ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤✳ ❲❡ ❛r❡ ♠❛✐♥❧② ✐♥t❡r❡st❡❞ ✐♥ r❡❞✉❝✐♥❣ t❤❡ ❡rr♦r ✐♥ ① ❛♥❞
②✱ s♦ s♦❧❡❧② t❤❡ ✈❛❧✉❡s ♦❢ Q11 ❛♥❞ Q22 ❛r❡ ✈❛r✐❡❞✱ ❧❡❛✈✐♥❣ Q33 t♦ ✐ts ❞❡❢❛✉❧t ✈❛❧✉❡ ♦❢ ✶✵✵✵✳ ❋✐❣✳ ✺✳✺
s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ tr❛❝❦✐♥❣ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ Q11 = Q22✳ ❋♦r t❤❡ s❤♦✇♥ ❝❛s❡s QE ✇❛s ✜①❡❞ t♦
✶✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ ✇❤✐❧❡ t❤❡ ❤✐❣❤❡st ♣❡♥❛❧t② r❡s✉❧ts ✐♥ t❤❡ ❧♦✇❡st tr❛❝❦✐♥❣ ❡rr♦r✱ t❤❡ ❡✛❡❝t ✐s ♠✐♥♦r✳
❚❤❡ ♦r✐❣✐♥❛❧ ✈❛❧✉❡ ♦❢ ✶✵✵✵ ✐s t❤✉s ❝❤♦s❡♥ ❢♦r t❤❡ r❡st ♦❢ t❤✐s t❤❡s✐s✳
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Trajectory for 2 figures
reference
executed
✭❛✮ ❚r❛❥❡❝t♦r② ❢♦r Q = 1000
[ET = 0.3308]
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Trajectory for 2 figures
reference
executed
✭❜✮ ❚r❛❥❡❝t♦r② ❢♦r Q = 500
[ET = 0.3429]
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]
Trajectory for 2 figures
reference
executed
✭❝✮ ❚r❛❥❡❝t♦r② ❢♦r Q = 10000
[ET = 0.2978]
❋✐❣✉r❡ ✺✳✺✿ ❚r❛❥❡❝t♦r✐❡s ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ Q ✭❡①♣❡r✐♠❡♥t❛❧✮
✺✳✹ ❙✉♠♠❛r②
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❡ ✜rst ♦❢ s❡✈❡r❛❧ ♠♦❞❡❧ ♣r❡❞✐❝t✐✈❡ ♣❛t❤✲❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧ s❝❤❡♠❡s
♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡ ❖❈P ✉s❡❞ ✐♥ ❛♥ ▼P❋❈ t♦ ❝r❡❛t❡ ♣❛t❤✲❢♦❧❧♦✇✐♥❣ ✇❛s ❢♦r♠✉❧❛t❡❞ ❛♥❞
❡①♣❧❛✐♥❡❞✳ ❈❡♥tr❛❧ t♦ t❤✐s s❡❝t✐♦♥ ❛r❡ t❤❡ ❝❤❛❧❧❡♥❣❡s ❝♦♥❢r♦♥t✐♥❣ ✉s ✇❤❡♥ ✇♦r❦✐♥❣ ♦♥ ❛ r❡❛❧ ✇♦r❧❞
♣r♦❜❧❡♠✱ ❝♦♠♣❛r❡❞ t♦ ❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥s✳ ❆❞❞✐t✐♦♥❛❧ t❡r♠s ❛♥❞ ❝♦♥str❛✐♥ts ♠✉st ❜❡ ❛❞❞❡❞ ✐♥
♦r❞❡r t♦ s♦❧✈❡ t❤❡s❡ ❝❤❛❧❧❡♥❣❡s✳ ❊s♣❡❝✐❛❧❧② ❡ss❡♥t✐❛❧ ❛r❡ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♠❡t❤♦❞s ✇✐t❤♦✉t ✇❤✐❝❤ t❤❡
▼P❈ s♦❧✈❡r t❡♥❞s t♦ ❥✉♠♣s ❜❡t✇❡❡♥ ❧♦❝❛❧ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✱ ❝r❡❛t✐♥❣ ❛♥ ✉♥s♠♦♦t❤ tr❛❥❡❝t♦r②✳
❲❡ t❤❡♥ ♣r❡s❡♥t❡❞ t❤❡ ✜rst r❡s✉❧ts ✉s✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ♥♦♠✐♥❛❧ ▼P❋❈ s❝❤❡♠❡✳ ■♥ ❛❞❞✐t✐♦♥ t♦ tr❛❝❦✐♥❣
r❡s✉❧ts✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❞✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❚✇♦ ✐♠♣❡r❢❡❝t✐♦♥s ✐♥ t❤❡
s②st❡♠ ✇❡r❡ t❤❡♥ ♣r❡s❡♥t❡❞✳ ❋✐rst✱ t❤❡ ✈❡❧♦❝✐t② ♣r♦✜❧❡ ♦❢ t❤❡ ❝❛r ✇❛s ❡①❛♠✐♥❡❞✱ ♣r♦✈❡❞ t♦ ✈❛r② ❞✉r✐♥❣
t❤❡ ❡①♣❡r✐♠❡♥t ❡✈❡♥ ✇❤❡♥ ✉s✐♥❣ ❛ ✜①❡❞ t❤r♦tt❧❡ ✈❛❧✉❡✳ ❚❤✐s ❡✛❡❝t ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡
▼P❈ ❝♦♥tr♦❧❧❡r✱ ❛s t❤❡ ✈❡❧♦❝✐t② ♦✈❡r t❤❡ ❤♦r✐③♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t✳ ❙❡❝♦♥❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ✇❛s ✐♥✈❡st✐❣❛t❡❞✳ ❲❤✐❧❡ ✐ts ♣❡r❢♦r♠❛♥❝❡ ✇❛s ❞❡❝❡♥t✱ ❛ s♠❛❧❧ ❞❡❧❛② ✇❛s ♥♦t✐❝❡❞✳
❇♦t❤ t❤❡s❡ ✐♠♣❡r❢❡❝t✐♦♥s ❝❛♥ ❤❛r♠ t❤❡ ♣❛t❤✲❢♦❧❧♦✇✐♥❣✳
❋✐♥❛❧❧②✱ ✇❡ ❡①♣❧♦r❡❞ t❤❡ ❡✛❡❝t ♦❢ t✉♥✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡r✬s ♣❛r❛♠❡t❡rs✳ ❚✇♦ ♣❛r❛♠❡t❡rs ✇❡r❡ t✉♥❡❞ ✲ t❤❡
❝♦st ♠❛tr✐① ♣❡♥❛❧✐③✐♥❣ t❤❡ s❧❛❝❦ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠ ❛♥❞ t❤❡ ❝♦st ♠❛tr✐① ♣❡♥❛❧✐③✐♥❣
t❤❡ tr❛❝❦✐♥❣ ❡rr♦r✳ ❚❤❡ s❧❛❝❦ ✈❛r✐❛❜❧❡s ❝♦st ✇❛s ♣r♦✈❡♥ t♦ ❤❛✈❡ ❛ ❤✉❣❡ ❡✛❡❝t ♦♥ t❤❡ tr❛❝❦✐♥❣ ♦❢ t❤❡
r❡❢❡r❡♥❝❡ ♣❛t❤✳ ■♥ ❢❛❝t✱ r❡❞✉❝✐♥❣ t❤✐s ❝♦st ❛♥❞ t❤✉s r❡❞✉❝✐♥❣ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ✐♠♣r♦✈❡❞ t❤❡ tr❛❝❦✐♥❣
♣r♦❢♦✉♥❞❧②✳ ❍♦✇❡✈❡r✱ ❝♦♠♣❧❡t❡❧② r❡♠♦✈✐♥❣ t❤❡ s❧❛❝❦ ✈❛r✐❛❜❧❡s ❛♥❞ ❞✐s❝❛r❞✐♥❣ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥
❝❛✉s❡❞ t❤❡ ✐ss✉❡ ♦❢ ❧♦❝❛❧ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ r❡❛♣♣❡❛r✳ ❚❤❡ s❡❝♦♥❞ ♣❛r❛♠❡t❡rs t✉♥❡❞✱ t❤❡ ♣❡♥❛❧t②
♦♥ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r✱ ✇❛s ♣r♦✈❡♥ t♦ ❤❛✈❡ ♦♥❧② ❛ ✈❡r② ♠✐♥♦r ❡✛❡❝t ♦♥ t❤❡ tr❛❝❦✐♥❣✳
✶✺
✶✻
✻ ❆❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✲ ❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡s
■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ▼P❋❈ tr❛❝❦✐♥❣ r❡s✉❧ts✱ ✇❡ ♥❡❡❞ ❛ ♠❡t❤♦❞ t♦ ❜❡tt❡r ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs
♦❢ t❤❡ s②st❡♠✬s ❞②♥❛♠✐❝s✳ ❯s✐♥❣ ❛ s✉✐t❛❜❧❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ❛♥ ❛❞❛♣t✐✈❡ ▼P❋❈ ❝❛♥ ❜❡ ❝r❡❛t❡❞✱
✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t❡s ❛r❡ ❝♦♥st❛♥t❧② ✉♣❞❛t❡❞✳
❋♦r t❤❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✉s❡ ❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡s ✭❘▲❙✮ ✲ ❛ r❡❝✉rs✐✈❡
❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ❘♦❜✐♥♥s✲▼♦♥r♦ ❛❧❣♦r✐t❤♠ ❬✶✻✱ ✶✼❪✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs✬ ✉♣❞❛t❡ r✉❧❡ ✐s ❞❡✜♥❡
❜❛s❡❞ ♦♥ ❛ ❝❤♦s❡♥ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥ Φ(pˆ, y)✱ ❛s
pˆk+1 = pˆk − µkΦ(pˆk, yk) ✭✻✳✶✮
❆s ♦✉r ❣♦❛❧ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✱ Φ ✐s ❝❤♦s❡♥ ❢♦❧❧♦✇✐♥❣ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞✳
❚❤✉s Φ(pˆ, y) = ∂J(pˆ,y)
∂pˆ
✱ ✇❤❡r❡ J ✐s ❛ ❝♦st ❢✉♥❝t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♣r❡❞✐❝t❡❞ ❛♥❞
♦❜s❡r✈❡❞ s②st❡♠s✳ ❯s✐♥❣ s✉❝❤ ❝♦st ❢✉♥❝t✐♦♥ ✇♦✉❧❞ ❝❛✉s❡ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❛❞❛♣t t❤❡ ♣❛r❛♠❡t❡rs✬
❡st✐♠❛t❡s ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♣r❡❞✐❝t❡❞ st❛t❡ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ st❛t❡✳ ❚❤❡
r❡s✉❧t✐♥❣ ❝♦st ❢✉♥❝t✐♦♥ ❛♥❞ ✉♣❞❛t❡ r✉❧❡ ❛r❡
J(pˆ, yk) =
1
2
‖yk+1 − yˆk+1‖
2
✭✻✳✷✮
pˆk+1 = pˆk − µk
∂J(pˆ, y)
∂pˆ
∣∣∣∣
pˆk,yk
✭✻✳✸✮
✇❤❡r❡ y ✐s t❤❡ ♦❜s❡r✈❡❞ st❛t❡✱ yˆ ✐s t❤❡ ♣r❡❞✐❝t❡❞ st❛t❡✱ pˆ ❝♦♥t❛✐♥s t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ❛♥❞ µk ✐s
t❤❡ ❧❡❛r♥✐♥❣ r❛t❡✳ ◆♦t✐❝❡ t❤❛t J ✐s ❛ s❝❛❧❛r✳
❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r t❤❡ st❛t❡✱ ❜♦t❤ ♦❢ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❘▲❙ ❞❡r✐✈❛t✐♦♥✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ✇❡ ❞❡r✐✈❡ t❤❡ ✉♣❞❛t❡ r✉❧❡ ❢♦r ❜♦t❤ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ❛ ❣❡♥❡r❛❧ st❛t❡ y✳
❈❤❛♣t❡r ✼ ✇✐❧❧ ❞❡t❛✐❧ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❛r✬s s②st❡♠✳
❘❡♠❛r❦ ✶✿ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡r✐✈❛t✐♦♥s ✉s❡ t❤❡ ◆✉♠❡r❛t♦r ❝♦♥✈❡♥t✐♦♥ ❢♦r ♠❛tr✐① ❝❛❧❝✉❧✉s✳
❘❡♠❛r❦ ✷✿ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡r✐✈❛t✐♦♥s ✉s❡ t❤❡ ♥♦t❛t✐♦♥ pk t♦ r❡♣r❡s❡♥t t❤❡ tr✉❡ ♣❛r❛♠❡t❡rs ❛t ✐t❡r❛t✐♦♥
❦✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❝♦♥st❛♥t pk = p✳
✻✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ■
❚❤❡ ✜rst r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r y ✐s✿
yk+1 = f(yk) + g(yk)p ✭✻✳✹✮
✇❤❡r❡ y ∈ Rn×1 , p ∈ Rm×1 , g(y) ∈ Rn×m✳ ❇② t❤❡ ❈❡rt❛✐♥t② ❊q✉✐✈❛❧❡♥❝❡ ✭❈✳❊✳✮✱ t❤❡ ♣r❡❞✐❝t❡❞ st❛t❡
✐s
yˆk+1 = f(yk) + g(yk)pˆk ✭✻✳✺✮
✇❤❡r❡ pˆ ❝♦♥t❛✐♥s t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs✳
Pr♦♣♦s✐t✐♦♥ ✶ ✭❘❡♣r❡s❡♥t❛t✐♦♥ ■ ✉♣❞❛t❡ r✉❧❡✮✳ ❚❤❡ ✉♣❞❛t❡ r✉❧❡ ❢♦r t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ✭❡q✉✳ ✻✳✸✮
✉s✐♥❣ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ✻✳✹ ✐s ❣✐✈❡♥ ❜②
pˆk+1 = pˆk + µk
(
(yk+1 − yˆk+1)
T ∂yˆ
∂pˆ
∣∣∣∣
pˆk,yk
)T
✭✻✳✻✮
Pr♦♦❢✳ ❋♦r ❜r❡✈✐t②✱ ✇❡ ♥♦t❡ g(y) ❛s g ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❚❤❡ ❝♦st ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❡q✉✳ ✻✳✷ ❜❡❝♦♠❡s
J(pˆk, yk) =
1
2
‖yk+1 − yˆk+1‖
2
=
1
2
‖yk+1 − f(yk)− gkpˆk‖
2
✭✻✳✼✮
❲❡ ❞❡r✐✈❡ J(pˆk, yk) ✇✳r✳t pˆk✿
✶✼
∂J(pˆk, yk)
∂pˆk
= (yk+1 − f(yk)− gkpˆk)
T
(−gk)
= −
(
yTk+1 − (f(yk)− gkpˆk)
T
)
gk
= −(yTk+1 − yˆ
T
k+1)gk
= −(yk+1 − yˆk+1)
T ∂yˆ
∂pˆ
∣∣∣∣
pˆk,yk
✭✻✳✽✮
❉✉❡ t♦ t❤❡ ✉s❡ ♦❢ t❤❡ ♥✉♠❡r❛t♦r ❝♦♥✈❡♥t✐♦♥✱ t❤❡ r❡s✉❧t✐♥❣ ❣r❛❞✐❡♥t ✐s ❛ r♦✇ ✈❡❝t♦r✳ ❚❤✉s ✐ts tr❛♥s♣♦s❡
✐s ✉s❡❞ ✐♥ t❤❡ ✉♣❞❛t❡ r✉❧❡ ❞❡✜♥❡❞ ✐♥ ❡q✉✳ ✻✳✸✿
pˆk+1 = pˆk − µk
∂J(pˆ, y)
∂pˆ
∣∣∣∣
T
pˆk,yk
= pˆk + µk
(
(yk+1 − yˆk+1)
T ∂yˆ
∂pˆ
∣∣∣∣
pˆk,yk
)T

✻✳✷ ❘❡♣r❡s❡♥t❛t✐♦♥ ■■
❚❤❡ ♣r❡✈✐♦✉s r❡♣r❡s❡♥t❛t✐♦♥ ❞♦❡s♥✬t ❛❧❧♦✇ ✉s t♦ ❞❡r✐✈❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥✳ ❋♦r t❤✐s r❡❛s♦♥✱
✇❡ ✉s❡ ❛ s❡❝♦♥❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ p ✐s ❛ ♠❛tr✐① ✇❤♦s❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❛r❡ t❤❡ ❡st✐♠❛t❡❞
♣❛r❛♠❡t❡rs✱ s✉❝❤ t❤❛t✿
yk+1 = f(yk) + pg(yk) ✭✻✳✾✮
✇❤❡r❡ y ∈ Rn×1 , p ∈ Rn×m , g(y) ∈ Rm×1✳ ❇② t❤❡ ❈❡rt❛✐♥t② ❊q✉✐✈❛❧❡♥❝❡ ✭❈✳❊✳✮✱
yˆk+1 = f(yk) + pˆkg(yk) ✭✻✳✶✵✮
✇❤❡r❡ pˆ ❝♦♥t❛✐♥s t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs✳
Pr♦♣♦s✐t✐♦♥ ✷ ✭❘❡♣r❡s❡♥t❛t✐♦♥ ■■ ✉♣❞❛t❡ r✉❧❡✮✳ ❋♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ✻✳✾✱ t❤❡ ❘▲❙ ✉♣❞❛t❡ r✉❧❡
✐s ❣✐✈❡♥ ❜②
pˆk+1 = pˆk + µk
(
gk(yk+1 − yˆk+1)
T
)T
✭✻✳✶✶✮
Pr♦♦❢✳ ❆❣❛✐♥✱ ✇❡ ♥♦t❡ g(y) ❛s g✳ ❚❤❡ ❝♦st ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❡q✉✳ ✻✳✷ ❜❡❝♦♠❡s
J(pˆk, yk) =
1
2
‖yk+1 − yˆk+1‖
2
=
1
2
(
yTk+1 − yˆ
T
k+1
)
(yk+1 − yˆk+1)
=
1
2
(
gTk (pk − pˆk)
T
)
((pk − pˆk)gk)
=
1
2
gTk p˜
T
k p˜kgk
✭✻✳✶✷✮
✉s✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♥♦t❛t✐♦♥ y˜k = yk − yˆk , p˜k = pk − pˆk✳ ❆s J(pˆk, yk) ∈ R, t❤❡ tr❛❝❡ ♦♣❡r❛t♦r ❝❛♥
❜❡ ❛♣♣❧✐❡❞✿
J(pˆk, yk) =
1
2
tr(gTk p˜
T
k p˜kgk) =
1
2
tr(p˜Tk p˜kgkg
T
k ) ✭✻✳✶✸✮
❲❡ ❝❛♥ t❤❡♥ ✉s❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r tr❛❝❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ∂tr(AXBX
TC)
∂X
= BXTCA + BTXTATC✱ ✇✐t❤
A = C = I , B = BT = gkg
T
k ✿
∂J(pˆk, yk)
∂p˜k
=
1
2
(
gkg
T
k p˜
T
k + gkg
T
k p˜
T
k
)
= gkg
T
k p˜
T
k = gk(p˜kgk)
T = gk(yk+1 − yˆk+1)
T ✭✻✳✶✹✮
∂J
∂pˆ
=
∂J
∂p˜
∂p˜
∂pˆ
= −
∂J
∂p˜
✭✻✳✶✺✮
❈♦♠❜✐♥✐♥❣ ❡q✉✳ ✻✳✶✹ ❛♥❞ ✻✳✶✺ ❛♥❞ tr❛♥s♣♦s✐♥❣ ❞✉❡ t♦ t❤❡ ♥✉♠❡r❛t♦r ❝♦♥✈❡♥t✐♦♥✱ ✇❡ ❣❡t t❤❡ ✉♣❞❛t❡
r✉❧❡✿
pˆk+1 = pˆk − µk
∂J(pˆ, y)
∂pˆ
∣∣∣∣
T
pˆk,yk
= pˆk + µk
(
gk(yk+1 − yˆk+1)
T
)T

✶✽
✻✳✷✳✶ ❙✉✣❝✐❡♥t ❈♦♥❞✐t✐♦♥ ❢♦r ❈♦♥✈❡r❣❡♥❝❡
■♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ✉s✐♥❣ t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠✱ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❞❛♣t❛t✐♦♥ s②st❡♠ ♠✉st ❜❡ ♣r♦✈❡♥✳ ❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡
t❤❡♥ ♦❜t❛✐♥❡❞✳
❚❤❡♦r❡♠ ✶ ✭❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡✮✳ ❈♦♥s✐❞❡r t❤❡ s②st❡♠ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ✻✳✾ ❛♥❞
❛♥ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❣✐✈❡♥ ❜② t❤❡ ✉♣❞❛t❡ r✉❧❡ ✐♥ ✻✳✶✶✳ ❙✉♣♣♦s❡ t❤❡ tr✉❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r p
✐s ❝♦♥st❛♥t✳ ❙✉♣♣♦s❡ ❛ ❧❡❛r♥✐♥❣ r❛t❡ µk s❛t✐s❢②✐♥❣
µk <
2
gTk gk
✭✻✳✶✻✮
❚❤❡ ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t❡s ❣✐✈❡♥ ❜② t❤❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛r❡ ▲②❛♣✉♥♦✈ st❛❜❧❡ ❛♥❞ t❤✉s ❝♦♥✈❡r❣❡
t♦ ❛ ✜①❡❞ ✈❛❧✉❡✳
Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ st❛❜✐❧✐t② ✭❛♥❞ t❤✉s ❝♦♥✈❡r❣❡♥❝❡✮✱ ❛ ▲②♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s②st❡♠
♠✉st ❜❡ ❢♦✉♥❞✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥
V (pˆk) =
1
2
tr
(
(pk − pˆk)(pk − pˆk)
T
)
=
1
2
tr
(
p˜kp˜
T
k
)
✭✻✳✶✼✮
■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ✐s ✐♥❞❡❡❞ ❛ ▲②♣✉♥♦✈ ❢✉♥❝t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡
✈❡r✐✜❡❞✿
❼ ‖pˆ‖ → ∞⇒ V (pˆ)→∞
❼ V (0) = 0 and V (pˆ) > 0 ∀pˆ 6= 0
❼ V (pˆk+1)− V (pˆk) < 0 ∀pˆ 6= 0
❚❤❡ ✜rst t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡❛s✐❧② ✈❡r✐✜❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ V ✳ ❋♦r t❤❡ t❤✐r❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♦❢ ❛♣♣❧✐❡s
V (pˆk+1)− V (pˆk) =
1
2
tr
(
p˜k+1p˜
T
k+1
)
−
1
2
tr
(
p˜kp˜
T
k
)
✭✻✳✶✽✮
p˜ = p− pˆ⇒ p˜k+1 = pk+1 − pˆk+1 = pk+1 −
(
pˆk + µk
(
gky˜
T
k+1
)T)
⇔ p˜k+1 = p˜k − µky˜k+1g
T
k
✭✻✳✶✾✮
❈♦♠❜✐♥✐♥❣ ❡q✉✳ ✻✳✶✽ ❛♥❞ ✻✳✶✾
V (pˆk+1)− V (pˆk) =
1
2
tr
((
p˜k − µky˜k+1g
T
k
) (
p˜k − µky˜k+1g
T
k
)T)
−
1
2
tr
(
p˜kp˜
T
k
)
=
1
2
tr
(
−2µkp˜kgky˜
T
k+1 + µ
2
ky˜k+1g
T
k gky˜
T
k+1
)
= tr
(
µk
(
−y˜k+1y˜
T
k+1 +
µk
2
y˜k+1g
T
k gky˜
T
k+1
))
= µktr
(
y˜k+1
(
−I +
µk
2
gTk gk
)
y˜Tk+1
)
✭✻✳✷✵✮
◆♦t✐❝❡ t❤❛t t❤❡ ✐♥♥❡r t❡r♠ ❜❡❧♦♥❣s t♦ R✳ ❚❤✉s✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ tr❛❝❡ ♣r♦♣❡rt② ❛♥❞ ❣❡t
V (pˆk+1)− V (pˆk) = µktr
(
y˜Tk+1
(
−I +
µk
2
gTk gk
)
y˜k+1
)
✭✻✳✷✶✮
❛♥❞ ✜♥❛❧❧②✱ ❛s t❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥ ✐s ❛ r❡❛❧ ✈❛❧✉❡✱
V (pˆk+1)− V (pˆk) = µky˜
T
k+1
(
−1 +
µk
2
gTk gk
)
y˜k+1 ✭✻✳✷✷✮
❚❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥ t❤✉s ❜❡❝♦♠❡s
V (pˆk+1)− V (pˆk) < 0⇔ −1 +
µk
2
gTk gk < 0⇔ µk <
2
gTk gk
✭✻✳✷✸✮
❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ✐s t❤✉s
µk <
2
gTk gk

✶✾
✻✳✸ ❋✐❧t❡r ❘▲❙
■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ♠❡♠♦r②❧❡ss ❘▲❙ ❛❧❣♦r✐t❤♠✱ ❛ ✜❧t❡r ❘▲❙ ❝❛♥ ❜❡ ❞❡r✐✈❡❞✱ ✇❤✐❝❤ t❤❛t t❛❦❡s ✐♥t♦
❛❝❝♦✉♥t t❤❡ ♣r❡✈✐♦✉s ♠❡❛s✉r❡♠❡♥ts ♦✈❡r ❛ ✇✐♥❞♦✇ ♦❢ ❛ ❝❡rt❛✐♥ ❧❡♥❣t❤ ◆✳ ❲❡ ❞❡r✐✈❡ t❤✐s ❛❧❣♦r✐t❤♠
❢♦r r❡♣r❡s❡♥t❛t✐♦♥ ■■✱ ❜✉t ❛ s✐♠✐❧❛r ♠❡t❤♦❞ ✇♦✉❧❞ ♣r♦❞✉❝❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❢♦r r❡♣r❡s❡♥t❛t✐♦♥ ■✳
Pr♦♣♦s✐t✐♦♥ ✸ ✭❋✐❧t❡r ❘▲❙ ✉♣❞❛t❡ r✉❧❡✮✳ ❚❤❡ ✉♣❞❛t❡ r✉❧❡ ❢♦r t❤❡ s②st❡♠ r❡♣r❡s❡♥t❛t✐♦♥ ✻✳✾ ❢♦r ❛
✜❧t❡r ❘▲❙ ✐s ❣✐✈❡♥ ❜②
pˆk+1 = pˆk + µk
[
Rk + gk
(
yTk+1 − f(yk)
T
)
−
(
Mk + gkg
T
k
)
pˆTk
]T
✭✻✳✷✹✮
✇❤❡r❡ t❤❡ r❡❝✉rs✐✈❡ ✉♣❞❛t❡ r✉❧❡s ❢♦r R ❛♥❞ M ❛r❡
Rk+1 = Rk + gk
(
yTk+1 − f(yk)
T
)
, Mk+1 = Mk + gkg
T
k ✭✻✳✷✺✮
Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t ❢♦r t❤❡ ♠❡♠♦r②❧❡ss ❘▲❙ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✇❛s ❣✐✈❡♥ ❜②
J(pˆk, yk) =
1
2
‖yk+1 − yˆk+1‖
2
=
1
2
‖yk+1 − f(yk) + pˆkg(yk)‖
2
✭✻✳✷✻✮
❋♦r t❤❡ ✜❧t❡r ❘▲❙ ❛ s✐♠✐❧❛r ❝♦st ❢✉♥❝t✐♦♥ ✐s ✉s❡❞✱ ❜✉t ♦✈❡r ❛ ✇✐♥❞♦✇ ♦❢ ♣r❡✈✐♦✉s st❛t❡s✱ s✉❝❤ t❤❛t
J(pˆk, y) =
1
2
k∑
i=k−N
‖yi+1 − f(yi) + pˆkg(yi)‖
2
✭✻✳✷✼✮
❙✐♠✐❧❛r❧② t♦ t❤❡ ♠❡♠♦r②❧❡ss ❘▲❙ ♣r♦♦❢✱
J(pˆk, y) =
1
2
k∑
i=k−N
‖yi+1 − f(yi) + pˆkgi‖
2
=
1
2
k∑
i=k−N
(
gTi (pi − pˆk)
T
)
((pi − pˆk)gi)
=
1
2
k∑
i=k−N
gTi p˜
T
ikp˜ikgi
✭✻✳✷✽✮
✉s✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♥♦t❛t✐♦♥ p˜ik = pi − pˆk✳ ❆s J(pˆk, yk) ∈ R, t❤❡ tr❛❝❡ ♦♣❡r❛t♦r ❝❛♥ ❜❡ ✉s❡❞
J(pˆk, yk) =
1
2
k∑
i=k−N
tr(p˜Tikp˜ikgig
T
i ) ✭✻✳✷✾✮
∂J(pˆk, y)
∂p˜ik
=
k∑
i=k−N
gig
T
i p˜
T
ik =
k∑
i=k−N
gk(p˜ikgi)
T =
k∑
i=k−N
gi(yi+1 − f(yi)− pˆkgi)
T ✭✻✳✸✵✮
∂J
∂pˆ
=
∂J
∂p˜
∂p˜
∂pˆ
= −
∂J
∂p˜
✭✻✳✸✶✮
❈♦♠❜✐♥✐♥❣ ❡q✉✳ ✻✳✸✵ ❛♥❞ ✻✳✸✶ ❛♥❞ tr❛♥s♣♦s✐♥❣ ❞✉❡ t♦ t❤❡ ♥✉♠❡r❛t♦r ❝♦♥✈❡♥t✐♦♥✱ t❤❡ ✉♣❞❛t❡ r✉❧❡ ✐s
♦❜t❛✐♥❡❞
pˆk+1 = pˆk − µk
∂J(pˆ, y)
∂pˆ
∣∣∣∣
T
pˆk,y
= pˆk + µk
[
k∑
i=k−N
(
gi
(
yTi+1 − f(yi)
T
)
− gig
T
i pˆ
T
k
)]T
= pˆk + µk
[
k−1∑
i=k−N
gi
(
yTi+1 − f(yi)
T
)
+ gk
(
yTk+1 − f(yk)
T
)
−
(
k−1∑
i=k−N
gig
T
i + gkg
T
k
)
pˆTk
]T
✭✻✳✸✷✮
✷✵
✇❤❡r❡ t❤❡ t❡r♠s ♦❢ t❤❡ ♣❛st ✐t❡r❛t✐♦♥s ❛♥❞ t❤❡ t❡r♠ ♦❢ t❤❡ ❝✉rr❡♥t ✐t❡r❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ s❡♣❛r❛t❡❞✳
❚❤✐s r❡s✉❧ts ✐♥ ❛ r❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠✱ ✇❤❡r❡
pˆk+1 = pˆk + µk
[
Rk + gk
(
yTk+1 − f(yk)
T
)
−
(
Mk + gkg
T
k
)
pˆTk
]T
✭✻✳✸✸✮
✇✐t❤
Rk =
k−1∑
i=k−N
gi
(
yTi+1 − f(yi)
T
)
, Mk =
k−1∑
i=k−N
gig
T
i ✭✻✳✸✹✮
❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ✉♣❞❛t❡ r✉❧❡s
Rk+1 = Rk + gk
(
yTk+1 − f(yk)
T
)
, Mk+1 = Mk + gkg
T
k 
✻✳✹ ❙✉♠♠❛r②
❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥t❡❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡❞ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ❛♥❞
♣r✐♥❝✐♣❧❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✇❛s t❤❡♥ ❞❡r✐✈❡❞ ❢♦r t✇♦ ❞✐✛❡r❡♥t r❡♣r❡✲
s❡♥t❛t✐♦♥s ♦❢ t❤❡ st❛t❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♣❞❛t❡ r✉❧❡s ✇❡r❡ ♦❜t❛✐♥❡❞✳ ❋♦r r❡♣r❡s❡♥t❛t✐♦♥ ■■✱ ❛
st❛❜✐❧✐t② t❤❡♦r❡♠ ✇❛s ♣r♦✈❡♥✱ ❝♦♥❝❧✉❞✐♥❣ ✐♥ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❧❡❛r♥✐♥❣ r❛t❡ t♦ ❣✉❛r❛♥t❡❡
t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t❡s✳ ▲❛st❧②✱ ❛ ✜❧t❡r ❘▲❙ ❛❧❣♦r✐t❤♠ ✇❛s ❞❡r✐✈❡❞✱ ✉t✐❧✐③✐♥❣ ❛
✇✐♥❞♦✇ ♦❢ ♣❛st ♠❡❛s✉r❡♠❡♥ts ✐♥ ♦r❞❡r t♦ ❜❡tt❡r ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs✳
✷✶
✷✷
✼ ❆❞❛♣t✐✈❡ ▼P❋❈ ✉s✐♥❣ ❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡s
✼✳✶ ▼♦t✐✈❛t✐♦♥
❯s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠s ❞❡r✐✈❡❞ ✐♥ s❡❝t✐♦♥ ✻✱ ❛♥ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳ ■♥
❛❞❛♣t✐✈❡ ❝♦♥tr♦❧✱ t❤❡ ❝♦♥tr♦❧❧❡r ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥ ❛❞❥✉st❛❜❧❡ ❝♦♥tr♦❧❧❡r✱ ❝♦✉♣❧❡❞ ✇✐t❤ ❛♥ ❛❞❛♣t❛t✐♦♥
♠❡❝❤❛♥✐s♠✳ ❚❤❡ ❛❞❛♣t❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✉♣❞❛t❡s t❤❡ ❡st✐♠❛t❡s t❤❡ s②st❡♠✬s ♣❛r❛♠❡t❡rs ✐♥ r❡❛❧ t✐♠❡✳
❲❤❡♥ ✉s✐♥❣ ❞✐r❡❝t ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ t❤❡ ❛❞❛♣t❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✉♣❞❛t❡s t❤❡ ♣❛r❛♠❡t❡rs ❜❛s❡❞ ♦♥ t❤❡
s②st❡♠✬s ♦✉t♣✉t ❛♥❞ ❛ r❡❢❡r❡♥❝❡ ♠♦❞❡❧✳ ❯s✐♥❣ ❘▲❙✱ t❤❡ r❡❢❡r❡♥❝❡ ♠♦❞❡❧ ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ❛❞❥✉st❛❜❧❡
♣r❡❞✐❝t♦r ✇❤✐❝❤ ♣r❡❞✐❝ts t❤❡ s②st❡♠✬s ♦✉t♣✉t ✉s✐♥❣ t❤❡ ❝✉rr❡♥t ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t❡s✳ ❚❤❡ ❡rr♦r
❜❡t✇❡❡♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ t❤❡ r❡❛❧ s②st❡♠✬s ♦✉t♣✉t ✐s ❢❡❞ ✐♥t♦ t❤❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤✐s
s❝❤❡♠❡ ✐s ❛ ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ ❞✐r❡❝t ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧✱ s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ✏✐♠♣❧✐❝✐t ♠♦❞❡❧ r❡❢❡r❡♥❝❡
❛❞❛♣t✐✈❡ ❝♦♥tr♦❧✑✳ ❇② ✉s✐♥❣ ❛♥ ❛❞❛♣t❛t✐♦♥ ♠❡❝❤❛♥✐s♠✱ t❤❡ ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t❡s ❛r❡ ✐♠♣r♦✈❡❞✳ ❚❤✐s
r❡❞✉❝❡s ♣❧❛♥t✲♠♦❞❡❧ ♠✐s♠❛t❝❤ ❛♥❞ s❤♦✉❧❞ ✐♠♣r♦✈❡ t❤❡ ❝♦♥tr♦❧❧❡r✬s ♣❡r❢♦r♠❛♥❝❡✳
▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✽❪ ✭✐♥ ♣❛rt✐❝✉❧❛r ❝❤❛♣t❡r ✶✳✸✳✹✮✳
■♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡r✐✈❡❞ ♥♦♠✐♥❛❧ ▼P❋❈ ❝♦♥tr♦❧❧❡r ✐s ❛♥ ❛❞❥✉st❛❜❧❡ ❝♦♥tr♦❧❧❡r✳
❆♥ ❛❞❛♣t❛t✐♦♥ s❝r✐♣t ♣❡r❢♦r♠s ❜♦t❤ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ t❤❡ ❛❞❛♣t❛t✐♦♥✳ ■t r❡❝❡✐✈❡s t❤❡ ♥❡❝❡ss❛r②
✐♥❢♦r♠❛t✐♦♥ ✲ ❛♣♣❧✐❡❞ ✐♥♣✉t✱ ♦❜s❡r✈❡❞ st❛t❡ ❛♥❞ st❛t❡✬s ❞❡r✐✈❛t✐✈❡ ❛♥❞ r❡❝✉rs✐✈❡❧② ✉♣❞❛t❡s t❤❡ ♣❛✲
r❛♠❡t❡rs✬ ❡st✐♠❛t✐♦♥s st❛rt✐♥❣ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss✳ ■t t❤❡♥ s❡♥❞s t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs t♦ t❤❡
▼P❈ ❝♦♥tr♦❧❧❡r✱ ✇❤✐❝❤ ✉s❡s t❤❡♠ ❢♦r s♦❧✈✐♥❣ t❤❡ ❖❈P ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ✐♥ ❡q✉✳ ✺✳✶ ✲ ✺✳✻✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr♦❧ s❝❤❡♠❡ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✳ ✼✳✶✳
❋✐❣✉r❡ ✼✳✶✿ ❆❞❛♣t✐✈❡ ❝♦♥tr♦❧ s❝❤❡♠❡
❆♣❛rt ❢r♦♠ ✐♠♣r♦✈✐♥❣ t❤❡ tr❛❝❦✐♥❣✱ ❛ ❜✐❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ✐s t❤❡ ❛❜✐❧✐t② t♦ ❧❡❛r♥
t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ✐♥♣✉t✳ Pr❡✈✐♦✉s❧②✱ t❤❡ ✐♥♣✉t uγ ✇❛s ❝❤♦s❡♥ ❜② t❤❡ s♦❧✈❡r
❜❛s❡❞ ♦♥ γ˙ = 1 · uγ ✱ ✇✐t❤♦✉t ❛♥② ❝♦♥tr♦❧ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ uγ ✳ ❯s✐♥❣ t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡✱ ✇❡ ❝❛♥
♥♦✇ ❢❡❡❞ ✐♥ ❛♥② t②♣❡ ♦❢ ✐♥♣✉t ❛♥❞ ❧❡❛r♥ t❤❡ ❝♦rr❡❝t ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✐t ❛♥❞ t❤❡ s②st❡♠✬s ❞②♥❛♠✐❝s✳
❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ✐♠♣♦s❡ uγ = steering command ✭♦✉t♣✉t ♦❢ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r✮ ❛♥❞ ❧❡❛r♥ t❤❡
♣❛r❛♠❡t❡r k ✐♥ t❤❡ ♠♦❞❡❧ γ˙ = k ·uγ ✭♦r ❛♥② ♦t❤❡r ♠♦❞❡❧✮✳ ❉♦♥❡ ❝♦rr❡❝t❧②✱ t❤❡ ▼P❈ ❝♦♥tr♦❧❧❡r ✇♦✉❧❞
✜♥❞ t❤❡ ♦♣t✐♠❛❧ st❡❡r✐♥❣ ❝♦♠♠❛♥❞ t♦ ❛♣♣❧② ❛♥❞ t❤✉s t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ✇♦✉❧❞ ❜❡❝♦♠❡ ♦❜s♦❧❡t❡✳
■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡s❡ ❛❞✈❛♥t❛❣❡s✱ t❤✐s s❡❝t✐♦♥ ✐s ❛❧s♦ ❛ r❡❛❧✲✇♦r❧❞ t❡st t♦ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❬✶✾❪✱
✇❤❡r❡ t❤❡ s❛♠❡ t②♣❡ ♦❢ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡ ✇❛s ❞❡r✐✈❡❞ ❛♥❞ t❡st❡❞ ✐♥ s✐♠✉❧❛t✐♦♥✳ ❲❡ ✉s❡ t❤✐s
♦♣♣♦rt✉♥✐t② t♦ t❡st t❤❡✐r r❡s✉❧ts ❛♣♣❧✐❡❞ t♦ ♦✉r s②st❡♠ ♦♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❤❛r❞✇❛r❡✳
✼✳✷ ❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡s ❢♦r t❤❡ ❈❛r✬s ❉②♥❛♠✐❝❛❧ ❙②st❡♠
■♥ s❡❝t✐♦♥ ✻ t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ✇❛s ❞❡r✐✈❡❞ ❢♦r ❣❡♥❡r❛❧ ❞②♥❛♠✐❝s✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧② ✐t t♦ t❤❡ ❝❛r✱ t❤❡
❣❡♥❡r❛❧ t❡r♠s ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ s②st❡♠✬s ❞②♥❛♠✐❝s✳
❋♦r ❜♦t❤ ♣♦ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❤❡ st❛t❡ ✉s❡❞ ✐♥ t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ✭♣r❡✈✐♦✉s❧② y✮ ✐s t❤❡ s②st❡♠✬s
❞②♥❛♠✐❝s q˙ ✭❛s ❞❡✜♥❡❞ ✐♥ ❡q✉✳ ✹✳✸✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❜② ✉s✐♥❣ ❛ ♠♦❞❡❧ ❢♦r q˙✱ t❤❡ ♥❡①t ˆ˙q ❝❛♥ ❜❡
♣r❡❞✐❝t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ❛♥❞ ❝❛♥ t❤❡♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥❡①t ♦❜s❡r✈❡❞ q˙✳
❚❤✉s✱ ✐♥ ❛❧❧ t❤❡ ❡q✉❛t✐♦♥s ❢r♦♠ s❡❝t✐♦♥ ✻✱ y ✐s r❡♣❧❛❝❡❞ ❜② q˙ ❛♥❞ yˆ ❜② ˆ˙q✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥
❡q✉✳ ✹✳✸✱ q˙ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ ✐ts❡❧❢✳ ❚❤❡ t❡r♠ f(yk) ✐♥ t❤❡ ❘▲❙ ❡q✉❛t✐♦♥ ✐s t❤✉s ❡q✉❛❧ t♦ ③❡r♦✳
❚❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❝❛r✬s s②st❡♠ ❛r❡ t❤❡ ✈❡❧♦❝✐t② v ❛♥❞ t❤❡ ❢❛❝t♦r k ❜❡t✇❡❡♥ γ˙ ❛♥❞ uγ ✳
❚❤❡ t✇♦ r❡♠❛✐♥✐♥❣ ✈❛r✐❛❜❧❡s t♦ ❞❡✜♥❡✱ p ❛♥❞ g(y)✱ ❞❡♣❡♥❞ ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✳
✷✸
✼✳✷✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ■
❘❡❝❛❧❧ t❤❛t r❡♣r❡s❡♥t❛t✐♦♥ ■ ❞❡✜♥❡s y ❛s
yk+1 = f(yk) + g(yk)p ✭✼✳✶✮
❆s ❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧②✱ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❜❡❝♦♠❡s
q˙k+1 = g(q˙k)p ✭✼✳✷✮
❈♦♠♣❛r✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✇✐t❤ ❡q✉✳ ✹✳✸✱ ✇❡ ❣❡t
p =
(
v
k
)
g =

cos γ 0sin γ 0
0 uγ

 ✭✼✳✸✮
✼✳✷✳✷ ❘❡♣r❡s❡♥t❛t✐♦♥ ■■
❘❡♣r❡s❡♥t❛t✐♦♥ ■■ ❞❡✜♥❡s p ❛s ❛ ♠❛tr✐① ✐♥st❡❛❞ ♦❢ ❛ ❝♦❧✉♠♥ ✈❡❝t♦r✳ y ✐s t❤✉s ❞❡✜♥❡❞ ❛s
yk+1 = f(yk) + pg(yk) ✭✼✳✹✮
✇❤✐❝❤ ❜❡❝♦♠❡s
q˙k+1 = pg(q˙k) ✭✼✳✺✮
❇② ✐❞❡♥t✐❢②✐♥❣ g ❛♥❞ p ❜❛s❡❞ ♦♥ t❤❡ ❞②♥❛♠✐❝s✱ ✇❡ ✜♥❞
p =

v 0 00 v 0
0 0 k

 g =

cos γsin γ
uγ

 ✭✼✳✻✮
❯s✐♥❣ ❡q✉✳ ✻✳✶✻✱ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ✐s µk <
2
1+u2γ
∀u2γ ⇒ µk <
2
1+max(u2γ)
=
2
1+1 = 1 ✭s❡❡ ♥❡①t s✉❜s❡❝t✐♦♥ ❢♦r max(u
2
γ)✮✳
❘❡♠❛r❦✿ ❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✉s❡s p ∈ R3×3 ✇❤✐❧❡ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣❛r❛♠❡t❡rs ❛♥❞ t❤✉s ♦✈❡r✲
♣❛r❛♠❡tr✐③❡s t❤❡ s②st❡♠✳ ❖♥❡ ❝♦✉❧❞✱ ✐❢ ✇✐s❤❡❞ t♦✱ ❡st✐♠❛t❡ ❞✐✛❡r❡♥t ✈❡❧♦❝✐t✐❡s ❢♦r x˙ ❛♥❞ y˙✱ s✉❝❤
t❤❛t
q˙ =

vx cosγvy sinγ
k · uγ

 ✭✼✳✼✮
❍♦✇❡✈❡r✱ t❤✐s ✐s ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣r♦❥❡❝t ❛♥❞ ✇❡ ✐♠♣♦s❡ vx = vy✳
◆♦t❛t✐♦♥✿ v ✐s ❛❧s♦ ♥♦t❡❞ ❛s v0✳
✼✳✷✳✸ ❘❡♣❧❛❝✐♥❣ t❤❡ ▲♦✇ ▲❡✈❡❧ ❚r❛❝❦❡r
■♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈ t♦ r❡♣❧❛❝❡ t❤❡ P■❉ ❝♦♥tr♦❧❧❡r✱ ♦♥❡ ♠♦r❡ ❞❡t❛✐❧ ♠✉st ❜❡ ❛❞❞❡❞✳
❆s ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡✱ t❤❡ st❡❡r✐♥❣ ❝♦♠♠❛♥❞ ❢r♦♠ t❤❡ P■❉ ✐s ✉s❡❞ t♦ tr❛✐♥ t❤❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠✳
❍♦✇❡✈❡r✱ t❤❡ st❡❡r✐♥❣ ❝♦♠♠❛♥❞ ✐s ❛ ♥✉♠❜❡r ❜❡t✇❡❡♥ ✶✵✵ ❛♥❞ ✽✼✵ ✇❤❡r❡ ❛ ❜✐❛s t❡r♠ ♦❢ ✹✽✺ ❝♦rr❡s♣♦♥❞s
t♦ ③❡r♦ st❡❡r✐♥❣ ✭s❡❡ s❡❝t✐♦♥ ✷✳✶✳✶✮✳ ❯s✐♥❣ t❤❡ st❡❡r✐♥❣ ❝♦♠♠❛♥❞ ❞✐r❡❝t❧② ❢♦r t❤❡ ❛❞❛♣t❛t✐♦♥ ✇♦✉❧❞
r❡q✉✐r❡ ❛ ✈❡r② ❧♦✇ ❧❡❛r♥✐♥❣ r❛t❡ µk ✐♥ ♦r❞❡r t♦ s❛t✐s❢② t❤❡ s✉✣❝✐❡♥t ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✭❡q✉✳ ✻✳✶✻✮✳
❚❤✉s✱ ❛♥ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ✉s❡❞ t♦ ♥♦r♠❛❧✐③❡ t❤❡ ✐♥♣✉t t♦ [−1, 1]✱ s✉❝❤ t❤❛t
uγ =
w − w¯
σw
✭✼✳✽✮
✇❤❡r❡ w ✐s t❤❡ st❡❡r✐♥❣ ❝♦♠♠❛♥❞✱ w¯ ✐s t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♠♠❛♥❞s ❛♥❞ ✐s ❡q✉❛❧ t♦ t❤❡ ❜✐❛s✱ ❛♥❞
σw ✐s ❡q✉❛❧ t♦ ❤❛❧❢ t❤❡ ♣♦ss✐❜❧❡ ✐♥t❡r✈❛❧ ♦❢ w✳ ❚❤❡ r❡s✉❧t✐♥❣ uγ ✐s t❤❡♥ ✉s❡❞ ✐♥ t❤❡ ❛❞❛♣t❛t✐♦♥ s❝r✐♣t✱
❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ▼P❈ ❝♦♥tr♦❧❧❡r✳ ❖♥❝❡ ❛♥ ♦♣t✐♠❛❧ u ✐s ❢♦✉♥❞ ❜② t❤❡ ▼P❈✱ ✐t ✐s tr❛♥s❢♦r♠❡❞ t♦ ❛
st❡❡r✐♥❣ ❝♦♠♠❛♥❞ ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥
w = uγ σw + w¯ ✭✼✳✾✮
✷✹
✼✳✸ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts
✼✳✸✳✶ ❙✐♠✉❧❛t✐♦♥ ❙❡t✉♣
❆s r❡♣r❡s❡♥t❛t✐♦♥ ■■ ❤❛s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡✱ ✐t ✐s ✉s❡❞ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡ ✐s ✜rst t❡st❡❞ ✐♥ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ✉s❡s
❛ ❦♥♦✇♥ s②st❡♠ ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ♠♦✈❡ t❤❡ ❝❛r ❛t ❡✈❡r② t✐♠❡ st❡♣✳ ❚❤❡s❡ s②st❡♠ ❞②♥❛♠✐❝s ❛r❡ ❛s
❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧② ✐♥ ❡q✉✳ ✹✳✸✱ ❜✉t t❤❡ ✈❛❧✉❡s ♦❢ v ❛♥❞ k ❛r❡ ✜①❡❞ t♦ ❦♥♦✇♥ ✏tr✉❡✑ ✈❛❧✉❡s✳ ❋♦r ❛❧❧
❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✱ ✇❡ s❡t v = 0.5m/s ❛♥❞ k = 9.6✳
✼✳✸✳✷ ▼♦❞❡❧ γ˙ = k · uγ
❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ✼✳✸ ❛♥❞ ✼✳✷✳ ❚❤❡s❡ r❡s✉❧ts ✇❡r❡
♦❜t❛✐♥❡❞ ✇✐t❤♦✉t ❛ P■❉ ❝♦♥tr♦❧❧❡r✱ t❤❡ st❡❡r✐♥❣ ❝♦♠♠❛♥❞s ❜❡✐♥❣ ❣❡♥❡r❛t❡❞ ❢♦❧❧♦✇✐♥❣ ❡q✉✳ ✼✳✾✳ ❚✇♦
❧❡❛r♥✐♥❣ r❛t❡s ✇❡r❡ t❡st❡❞ ✲ µk = 1 ✭✜❣✳ ✼✳✷✮ ✇❤✐❝❤ ✈❡r✐✜❡s t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❛♥❞ µk = 10 ✭✜❣✳
✼✳✸✮✳
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.0581] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✷✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 1 ❢♦r γ˙ = k · uγ ✭s✐♠✉❧❛t✐♦♥✮
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.0665] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✸✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 10 ❢♦r γ˙ = k · uγ ✭s✐♠✉❧❛t✐♦♥✮
✷✺
❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ ♣❛r❛♠❡t❡rs ❡st✐♠❛t❡s ❝♦♥✈❡r❣❡ t♦ t❤❡ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs q✉✐❝❦❧②✱ ❡✈❡♥
t❤♦✉❣❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r µk = 10 ✐s ♥♦t ❣✉❛r❛♥t❡❡❞✳ ❲✐t❤ ❣♦♦❞ ❡st✐♠❛t❡s✱ t❤❡ tr❛❝❦✐♥❣ ✐s ✈❡r②
❣♦♦❞ ❛♥❞ t❤❡ tr❛❝❦✐♥❣ ❡rr♦rs ❛r❡ ✈❡r② ❧♦✇✳ ◆♦t❡ t❤❛t t❤❡ ❡rr♦r ✐s ♠❡❛s✉r❡❞ ♦♥❧② ❛❢t❡r t❤❡ ✐♥✐t✐❛❧
tr❛♥s✐t♦r② ♣❡r✐♦❞✱ s♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ❞♦❡s♥✬t ❛✛❡❝t t❤❡ t♦t❛❧ tr❛❝❦✐♥❣ ❡rr♦r✳
✼✳✸✳✸ ▼♦❞❡❧ γ˙ = k0 + k1 · uγ
❆s t❤❡ r❡❛❧ ❝❛r✬s ❞②♥❛♠✐❝s ❛r❡ ✉♥❦♥♦✇♥✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❡①♣❧♦r❡ ❛♥♦t❤❡r t②♣❡ ♦❢ ♠♦❞❡❧ ❢♦r γ˙✳ ■♥
t❤✐s ♠♦❞❡❧✱ ❛ ❜✐❛s t❡r♠ ✐s ❛❞❞❡❞ t♦ γ˙✳ ❚❤❡ ❛❞❛♣t❛t✐♦♥ s❝r✐♣t t❤✉s ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧
γ˙ = k0 + k1 · uγ ✭✼✳✶✵✮
◆♦t❡ t❤❛t t❤❡ r❡❛❧ s②st❡♠ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ ❝❤♦✐❝❡ t♦ ♠♦❞❡❧ γ˙ ❞✐✛❡r❡♥t❧②✳ ❚❤✉s✱ ✇❤❡♥ t❡st✐♥❣ ♦♥
s✐♠✉❧❛t✐♦♥✱ t❤❡ ❝❛r ✐s st✐❧❧ s✐♠✉❧❛t❡❞ ❛s t❤❡ s❛♠❡ ❞②♥❛♠✐❝ s②st❡♠ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✼✳✸✳✶✳
❋♦r t❤✐s ♠♦❞❡❧ ❛♥❞ ✉s✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ ■■✱ t❤❡ ❛❧❣♦r✐t❤♠ ✈❛r✐❛❜❧❡s ❛r❡
p =

v 0 0 00 v 0 0
0 0 k0 k1

 g =


cos γ
sin γ
1
uγ

 ✭✼✳✶✶✮
❚❤❡ ❛❧❣♦r✐t❤♠ ✐s t❡st❡❞ ❛❣❛✐♥ ✉s✐♥❣ t✇♦ ❧❡❛r♥✐♥❣ r❛t❡s ✲ µk = 2 ✭✜❣✳ ✼✳✹✮ ❛♥❞ µk = 10 ✭✜❣✳ ✼✳✺✮✳
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.0815] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✹✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 2 ❢♦r γ˙ = k0 + k1 · uγ ✭s✐♠✉❧❛t✐♦♥✮
❆s ❝❛♥ ❜❡ s❡❡♥✱ ❜♦t❤ r❡s✉❧ts s❤♦✇ t❤❡ ♣❛r❛♠❡t❡rs ❛♣♣r♦❛❝❤✐♥❣ t❤❡✐r tr✉❡ ✈❛❧✉❡s✱ ✇✐t❤ ❢❛st❡r ❝♦♥✈❡r✲
❣❡♥❝❡ ✉s✐♥❣ µk = 10✳
❍♦✇❡✈❡r✱ ❛ ❝❡rt❛✐♥ ♣❤❡♥♦♠❡♥♦♥ ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡s❡ r❡s✉❧ts✳ ❇♦t❤ ❡st✐♠❛t❡s ♦❢ k1✱ ❡✈❡♥ ✇❤❡♥ ✉s✐♥❣
❛ ❤✐❣❤ ❧❡❛r♥✐♥❣ r❛t❡✱ s❤♦✇ ❛ ❝✉t♦✛ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛r♦✉♥❞ ✾✳✵✳ ❲❤✐❧❡ t❤❡ ❡st✐♠❛t✐♦♥ ❝♦♥t✐♥✉❡s t♦
✐♥❝r❡❛s❡ s❧♦✇❧②✱ t❤✐s ✐♥❝r❡❛s❡ ✐s ♠✉❝❤ s❧♦✇❡r t❤❛♥ ✐♥✐t✐❛❧❧②✳ ▼❡❛♥✇❤✐❧❡✱ ✇❤✐❧❡ k0 ❞❡❝r❡❛s❡s t♦✇❛r❞s ✵✱
✐t ❞♦❡s♥✬t ❝♦♥✈❡r❣❡ t♦ ✐t ❜✉t ♦s❝✐❧❧❛t❡s ❛r♦✉♥❞✱ ✇✐t❤ ♣❡❛❦s ♦✈❡r ✵✳✶✳ ■♥ ❢❛❝t✱ ✇❤❡♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢
k1 ✐s t♦♦ ❧♦✇✱ ✐ts ❡✛❡❝t ✐♥ t❤❡ ❞②♥❛♠✐❝s ♠✉st ❜❡ ♠♦❞❡❧❡❞ s♦♠❡❤♦✇ ❛s t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ❛s♣✐r❡s t♦
r❡❞✉❝❡ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r t♦✇❛r❞s ✵✳ ■♥ t❤✐s ❝❛s❡✱ k0 t❛❦❡s ♦✈❡r ❛♥❞ ✐s ❛❞❥✉st❡❞ ❛t ❡✈❡r② t✉r♥ ♦❢ t❤❡
❝❛r t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❧♦✇ k1✳ ❚❤✉s✱ t❤❡ ♣r❡❞✐❝t❡❞ γ˙ ♠❛t❝❤❡s t❤❡ ♦❜s❡r✈❡❞ γˆ✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡
♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥s ❛r❡ ✐♥❝♦rr❡❝t✳
❆ ❝❧♦s❡r ❧♦♦❦ r❡✈❡❛❧s t❤❡ ❡①t❡♥t ♦❢ t❤✐s ❡✛❡❝t✳ ■♥s♣❡❝t✐♥❣ ✜❣✳ ✼✳✹❜✱ ✇❡ s❡❡ ❛ ♣♦s✐t✐✈❡ ❥✉♠♣ ✐♥ t❤❡
❡st✐♠❛t✐♦♥ ♦❢ k1 ❛r♦✉♥❞ t = 60s✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡r❡ ✐s ❛ s❤♦rt ♥❡❣❛t✐✈❡ ❥✉♠♣ ♦❢ k0✱ ❢♦❧❧♦✇❡❞
❜② ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ✐ts ♦s❝✐❧❧❛t✐♦♥s✳ ❆ s✐♠✐❧❛r ❡✛❡❝t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✼✳✺❜✳ ❆❢t❡r ❛♥
✐♥✐t✐❛❧ r❛♣✐❞ ✐♥❝r❡❛s❡✱ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ k1 s❧♦✇s ❞♦✇♥ t♦ ❛ ✈❡r② s❧♦✇ r✐s❡✳ ▼❡❛♥✇❤✐❧❡✱ t❤❡ ♦s❝✐❧❧❛t✐♦♥s
✷✻
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.0893] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✺✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 10 ❢♦r γ˙ = k0 + k1 · uγ ✭s✐♠✉❧❛t✐♦♥✮
♦❢ k0 s❧♦✇❧② ❞❡❝r❡❛s❡ ✐♥ ❛♠♣❧✐t✉❞❡✳ ❇♦t❤ t❤✐s ❡✛❡❝ts ❝♦♥✜r♠ t❤❡ ♣❤❡♥♦♠❡♥♦♥✳ ❲❤❡♥ k1 ✐s ❧♦✇✱ ✐ts
❡✛❡❝t ✐♥ t❤❡ ❞②♥❛♠✐❝s ✐s t❛❦❡♥ ❜② k0✳ ❆s k1 ✐♥❝r❡❛s❡s ❛♥❞ ✐ts ✈❛❧✉❡ ❛♣♣r♦❛❝❤❡s ✐ts tr✉❡ ✈❛❧✉❡ ♦❢ ✾✳✻✱
k0 ♥❡❡❞s t♦ ❜❡ ❛❞❥✉st❡❞ ❧❡ss ✐♥ ♦r❞❡r t♦ ❝♦rr❡❝t❧② ♣r❡❞✐❝t t❤❡ s②st❡♠✬s ❜❡❤❛✈✐♦r✳
◆❛t✉r❛❧❧②✱ ✇❤✐❧❡ ❛❞❥✉st✐♥❣ k0 ❝♦♠♣❡♥s❛t❡s t❤❡ ✐♥❝♦rr❡❝t k1 ❡st✐♠❛t✐♦♥ ✐♥ t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠✱ ✐t ❞♦❡s♥✬t
♠❛t❝❤ t❤❡ r❡❛❧ s②st❡♠✳ ❚❤✉s✱ t❤❡ ▼P❈ ❝♦♥tr♦❧❧❡r ✐s ♥♦t s✉♣♣❧✐❡❞ ✇✐t❤ ❛ ❝♦rr❡❝t ♠♦❞❡❧ ♦❢ t❤❡ s②st❡♠✱
✇❤✐❝❤ ❤❛r♠s t❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❈♦♠♣❛r✐♥❣ t❤❡s❡ r❡s✉❧ts t♦ t❤♦s❡ ♦❜t❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✼✳✸✳✷
❝♦♥✜r♠s t❤✐s st❛t❡♠❡♥t✳
❆♥♦t❤❡r t❡st✱ s❤♦✇♥ ✐♥ ✜❣✳ ✼✳✻✱ ❞♦❡s s❤♦✇ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r❡s✉❧ts ✐♥ ❛ ♠✉❝❤ ❜❡tt❡r tr❛❝❦✐♥❣✳
❚❤❡s❡ r❡s✉❧ts ❧❡❛❞ ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t ✇❤✐❧❡ ❘▲❙ ❞♦❡s ✇♦r❦ ✇❡❧❧ ❢♦r ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥✱ ✇❤❡♥
❣✐✈❡♥ ❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ t❤❛t ❞♦ ♥♦t ❡①✐st ✐♥ t❤❡ r❡❛❧ s②st❡♠✱ ✐t ♠✐❣❤t ❛ss♦❝✐❛t❡ ❛ ❝❡rt❛✐♥
❡✛❡❝t t♦ t❤❡ ✇r♦♥❣ ♣❛r❛♠❡t❡r✳
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.0302] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✻✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 10 ❢♦r γ˙ = k0 + k1 · uγ ✲ ❜❡tt❡r r❡s✉❧t ✭s✐♠✉❧❛t✐♦♥✮
✼✳✸✳✹ ❯s✐♥❣ ❛ ▲♦✇ ▲❡✈❡❧ ❚r❛❝❦❡r
❋♦r ❝♦♠♣❛r✐s♦♥✱ ♦♥❡ r❡s✉❧t ✉s✐♥❣ t❤❡ P■❉ ❝♦♥tr♦❧❧❡r t♦ tr❛❝❦ t❤❡ ♦♣t✐♠❛❧ ♣❧❛♥✱ ✇✐t❤ t❤❡ γ˙ = k · uγ
♠♦❞❡❧✱ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✼✳✼✳ ❲❡ s❡❡ s✐♠✐❧❛r r❡s✉❧ts t♦ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤♦✉t t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r✳
✷✼
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.0792] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✼✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 10 ❢♦r γ˙ = k · uγ ✇✐t❤ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ✭s✐♠✉❧❛t✐♦♥✮
✼✳✹ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts
❆❢t❡r r✉♥♥✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ♦♥ s✐♠✉❧❛t✐♦♥✱ t❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈ ❝❛♥ ❜❡ t❡st❡❞ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
s❡t✉♣✳
■♥ t❤❡ s✐♠✉❧❛t✐♦♥✱ t❤❡ ❝♦❡✣❝✐❡♥t k ❜❡t✇❡❡♥ t❤❡ uγ ❛♥❞ γ˙ ✇❛s s❡t t♦ ❛ r❡❧❛t✐✈❡❧② ❤✐❣❤ ✈❛❧✉❡✳ ❚❤✐s
❡♥❛❜❧❡❞ t❤❡ s✐♠✉❧❛t❡❞ ❝❛r t♦ ♠❛❦❡ s❤❛r♣ t✉r♥s✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ r❡❛❧ ❝❛r✳
Pr❡❧✐♠✐♥❛r② t❡sts s❤♦✇❡❞ t❤❛t t❤❡ tr✉❡ ✈❛❧✉❡ ♦❢ k ✐s ❛♣♣r♦①✐♠❛t❡❧② ✷✳✺✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❝❛r✬s t✉r♥✐♥❣ r❛❞✐✉s ✐s q✉✐t❡ ❜✐❣✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ✈❡❧♦❝✐t② ✐s ✐♥❝r❡❛s❡❞✳ ❚❤✉s✱ ✐❢ u ✐s ❧✐♠✐t❡❞ t♦
[−1, 1]✱ t❤❡ ▼P❈ s♦❧✈❡r ❝❛♥♥♦t ♣❧❛♥ ❛ tr❛❥❡❝t♦r② s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts✱ r❡s✉❧t✐♥❣ ✐♥ ❛♥ ✐♥❢❡❛s✐❜❧❡
tr❛❥❡❝t♦r②✳ ❋♦❧❧♦✇✐♥❣ ❛ ❜✐❣❣❡r ♣❛t❤ ✇✐t❤ ❜r♦❛❞❡r t✉r♥s ❝❛♥ ❤❡❧♣ r❡s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✱ ❛s s❧♦✇❡r t✉r♥✐♥❣
r❛t❡ ✐s ♥❡❡❞❡❞✳ ❚❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤ ✐s t❤✉s ❝❤❛♥❣❡❞ t♦ xref (τ) = h+3a sin(2τ) , yref (τ) = 8 a cos(τ)✳
❍♦✇❡✈❡r✱ ✐♥ ♠❛♥② ❝❛s❡s t❤✐s ❝❤❛♥❣❡ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ♠❛❦❡ t❤❡ ♣r♦❜❧❡♠ ❢❡❛s✐❜❧❡ ❛t ❛❧❧ t✐♠❡✳ ❋♦r t❤✐s
r❡❛s♦♥✱ ✇❡ ❞❡❝✐❞❡❞ t♦ ♥♦t ❝♦♥str❛✐♥t u t♦ [−1, 1] ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❍♦✇❡✈❡r✱ ❛s u ✐s♥✬t ❝♦♥str❛✐♥❡❞✱
t❤❡ st❡❡r✐♥❣ ❝♦♠♠❛♥❞s ❜❛s❡❞ ♦♥ t❤❡ ♣❧❛♥♥❡❞ ✐♥♣✉t ❝❛♥♥♦t ❜❡ ❞✐r❡❝t❧② ✉s❡❞✳ ❲❡ t❤✉s ❝♦♥t✐♥✉❡ t♦ ✉s❡
t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s t♦ tr❛❝❦ t❤❡ ♣❧❛♥♥❡❞ ♦♣t✐♠❛❧ γ✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡
▼P❈ s♦❧✈❡r t♦ ♣❧❛♥ ❛♥ ♦♣t✐♠❛❧ ♣❛t❤ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡ t❤❡♥ tr❛❝❦❡❞ ❛s ❜❡st ♣♦ss✐❜❧❡ ❜② t❤❡ ❧♦✇ ❧❡✈❡❧
tr❛❝❦❡r✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❢♦r t❤❡ t✇♦ γ˙ ♠♦❞❡❧s✱ ❡①❛❝t❧②
❛s ❞♦♥❡ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳
✼✳✹✳✶ ▼♦❞❡❧ γ˙ = k · uγ
❋✐❣✳ ✼✳✽ ❛♥❞ ✼✳✾ s❤♦✇ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r t❤❡ ♠♦❞❡❧ γ˙ = k ·uγ ❢♦r ❧♦✇ ❛♥❞ ❤✐❣❤ ❧❡❛r♥✐♥❣ r❛t❡s
r❡s♣❡❝t✐✈❡❧②✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ ❜♦t❤ ❣✐✈❡ ❝♦♠♣❛r❛❜❧❡ r❡s✉❧ts✱ ✇✐t❤ r❡❧❛t✐✈❡❧② ❣♦♦❞ tr❛❝❦✐♥❣ ❡rr♦r✳ ❚❤❡
❡st✐♠❛t✐♦♥ ♦❢ v0 st❛❜✐❧✐③❡s r❡❧❛t✐✈❡❧② ❢❛st ❜✉t ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦ ❛ ❝♦♥st❛♥t ✈❛❧✉❡ ❛s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳
❚❤✐s ✐s ✉♥❞❡rst❛♥❞❛❜❧❡✱ s✐♥❝❡ t❤❡ ❝❛r✬s ✈❡❧♦❝✐t② ✐s ❛✛❡❝t❡❞ ❜② ✐ts ❞②♥❛♠✐❝s ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ✭❡✳❣✳
s❧♦✇✐♥❣ ✇❤✐❧❡ t✉r♥✐♥❣✱ ❝❡♥t❡r ♦❢ ❣r❛✈✐t② s❤✐❢t✐♥❣ ❞✉❡ t♦ r♦❧❧✐♥❣ ❛♥❞ sq✉❛tt✐♥❣✱ ❡t❝✳✮✳ ❚❤✉s✱ ❡✈❡♥ ❢♦r
❛ ❝♦♥st❛♥t t❤r♦tt❧❡ ✈❛❧✉❡ t❤❡ ❝❛r✬s ✈❡❧♦❝✐t② ✐s ♥♦t ❝♦♥st❛♥t✳ ❆ ❤✐❣❤❡r ❧❡❛r♥✐♥❣ r❛t❡ ❛❞❛♣ts ❢❛st❡r t♦
q✉✐❝❦ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝❛r✬s ✈❡❧♦❝✐t② ❜✉t r✐s❦s ♦✈❡rs❤♦♦t✐♥❣ ❞✉❡ t♦ t♦♦ ❜✐❣ ❥✉♠♣s ♦❢ t❤❡ ❡st✐♠❛t❡✳ ❆
❧♦✇ ❧❡❛r♥✐♥❣ r❛t❡ ❝❛♥ ❛❝t ❛s ❛ ✜❧t❡r t♦ r❡❞✉❝❡ ❢❛st ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❡st✐♠❛t❡✳ ❚❤❡ k0 ❡st✐♠❛t❡ s❤♦✇s ❛
s✐♠✐❧❛r ❜❡❤❛✈✐♦r✱ ❜✉t ✇❡ ❝❛♥ ♥♦t❡ t❤❛t ❢♦r µk = 1 t❤❡ ❡st✐♠❛t❡ ❤❛s ♥♦t r❡❛❝❤❡❞ ❛ st❛❜❧❡ ❡st✐♠❛t✐♦♥ ✐♥
t❤❡ ❣✐✈❡♥ t✐♠❡ ❛♥❞ ✐s st✐❧❧ ✐♥❝r❡❛s✐♥❣✳ ❋♦r uk = 10 ✇❡ s❡❡ ❛ ❢❛st ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ❢♦❧❧♦✇❡❞ ❜②
♦s❝✐❧❧❛t✐♦♥s ❛r♦✉♥❞ k ≈ 3✳ ❚❤❡ ♦s❝✐❧❧❛t✐♦♥s ♠❛② ❜❡ ❞✉❡ t♦ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ s②st❡♠✬s r❡❛❧ ❞②♥❛♠✐❝s✱
s✐♠✐❧❛r❧② t♦ t❤❡ ✈❡❧♦❝✐t② ✈❛r✐❛t✐♦♥s✳
✷✽
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.3642] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✽✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 1 ❢♦r γ˙ = k · uγ ✭❡①♣❡r✐♠❡♥t❛❧✮
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.2948] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✾✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 10 ❢♦r γ˙ = k · uγ ✭❡①♣❡r✐♠❡♥t❛❧✮
✼✳✹✳✷ ▼♦❞❡❧ γ˙ = k0 + k1 · uγ
❋✐❣✳ ✼✳✶✵ ❛♥❞ ✼✳✶✶ s❤♦✇ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r t❤✐s ♠♦❞❡❧✳ ❲❡ ❝❛♥ ❞✐r❡❝t❧② r❡♠❛r❦ ❛ ❞❡❝r❡❛s❡ ✐♥
♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡s❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts s❤♦✇ ❛ s✐♠✐❧❛r ✐ss✉❡ ❛s ✐♥ s✐♠✉❧❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ❛❞❞✐t✐♦♥❛❧
❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❣✐✈❡♥ t♦ t❤❡ s②st❡♠ ❝❛✉s❡s ♦♥❡ ♣❛r❛♠❡t❡r t♦ t❛❦❡ t❤❡ r♦❧❡ ♦❢ ❛♥♦t❤❡r✳ ■♥ t❤✐s
❝❛s❡ k0 ♦s❝✐❧❧❛t❡s ❛r♦✉♥❞ ✵✱ ✇❤✐❧❡ t❤❡ k1 ❡st✐♠❛t❡ ❞♦❡s♥✬t ❝♦♥✈❡r❣❡ t♦✇❛r❞s ❛ ✜①❡❞ ✈❛❧✉❡✳ ❯s✐♥❣ ❛
❤✐❣❤ ❧❡❛r♥✐♥❣ r❛t❡ ❛❣❣r❛✈❛t❡s t❤❡ ♣r♦❜❧❡♠ ❛s k0 ❝❤❛♥❣❡s ❢❛st❡r ❛♥❞ t❛❦❡s ❜✐❣❣❡r ✈❛❧✉❡s✱ ✇❤✐❝❤ t❤❡♥
❞❡st❛❜✐❧✐③❡s t❤❡ k1 ❡st✐♠❛t✐♦♥ ❛♥❞ t❤❡ tr❛❝❦✐♥❣✳ ❆ ❧♦✇ ❧❡❛r♥✐♥❣ r❛t❡ ❦❡❡♣s k0 ❛r♦✉♥❞ ✐ts ♠❡❛♥ ✈❛❧✉❡
♦❢ ✵✱ ❛♥❞ t❤✉s ❡♥❛❜❧❡s ❛ ♠♦r❡ st❛❜❧❡ ❡st✐♠❛t✐♦♥ ♦❢ k1 ❛♥❞ ❜❡tt❡r tr❛❝❦✐♥❣✳
✷✾
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 1.4220] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✶✵✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 1 ❢♦r γ˙ = k0 + k1 · uγ ✭❡①♣❡r✐♠❡♥t❛❧✮
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 1.5750] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✶✶✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 10 ❢♦r γ˙ = k0 + k1 · uγ ✭❡①♣❡r✐♠❡♥t❛❧✮
✼✳✹✳✸ ❙♠❛❧❧ ❘❡❢❡r❡♥❝❡ P❛t❤
❋♦r ❝♦♠♣❛r✐s♦♥✱ ✇❡ ♣r❡s❡♥t ❤❡r❡ ♦♥❡ r❡s✉❧t ✇❤❡♥ tr❛❝❦✐♥❣ ❛ s♠❛❧❧ r❡❢❡r❡♥❝❡ ♣❛t❤ ✭❡q✉✳ ✹✳✹✮✳ ❋✐❣✳ ✼✳✶✷
s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ❛❞❛♣t✐✈❡ ▼P❋❈ ✉s✐♥❣ t❤❡ γ˙ = k ·uγ ♠♦❞❡❧✱ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ❛♥❞ ❛ ❤✐❣❤ ❧❡❛r♥✐♥❣
r❛t❡✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇♦r❦s ✇❡❧❧✱ ❜✉t t❤❡ tr❛❝❦✐♥❣ ✐s♥✬t ♣❡r❢❡❝t✱ ❛s t❤❡ ❝❛r
str✉❣❣❧❡s t♦ tr❛❝❦ t❤❡ t✐❣❤t t✉r♥s✳
✸✵
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 1.1417] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✼✳✶✷✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✇✐t❤ µk = 10 ❢♦r γ˙ = k · uγ ❢♦r s♠❛❧❧ r❡❢❡r❡♥❝❡ ♣❛t❤ ✭❡①♣❡r✐♠❡♥t❛❧✮
✼✳✺ ❙✉♠♠❛r②
❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥t❡❞ t❤❡ ✉s❡ ♦❢ t❤❡ r❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡s ❛❧❣♦r✐t❤♠ ✐♥ ❛♥ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡✳
■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ s②st❡♠✬s ♠♦❞❡❧ ✉s❡❞ ❜② t❤❡ ▼P❋❈ ❝♦♥tr♦❧❧❡r✱ t❤❡ ❝♦♥tr♦❧❧❡r ✇❛s s✉♣♣❧❡♠❡♥t❡❞
✇✐t❤ ❛♥ ❛❞❛♣t❛t✐♦♥ s❝r✐♣t ✇❤✐❝❤ ♣r♦✈✐❞❡❞ ✐t ✇✐t❤ ✉♣❞❛t❡❞ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ s②st❡♠✬s ♣❛r❛♠❡t❡rs✳ ❚❤❡
❛❞❛♣t❛t✐♦♥ ♠❡❝❤❛♥✐s♠ r❡❝❡✐✈❡❞ t❤❡ r❡q✉✐r❡❞ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ✉s❡❞ t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ t♦ ✉♣❞❛t❡
t❤❡ ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t❡s✳ ❚❤❡ r❡s✉❧t✐♥❣ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ s❝❤❡♠❡ ✇❛s ♣r❡s❡♥t❡❞✳
❇❡❢♦r❡ ✉s✐♥❣ t❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈✱ t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ❤❛❞ t♦ ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❝❛r✬s s②st❡♠ ❜②
r❡♣❧❛❝✐♥❣ t❤❡ ❣❡♥❡r❛❧ t❡r♠s ✉s❡❞ ✐♥ ✐ts ❞❡r✐✈❛t✐♦♥ ❜② t❤❡ s②st❡♠ ❞②♥❛♠✐❝s✳ ❚❤❡ ✜♥❛❧ ❛❧❣♦r✐t❤♠ ✇❛s
❞❡r✐✈❡❞ ❢♦r ❜♦t❤ ♣♦ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ■♥ ❛❞❞✐t✐♦♥✱ ❜② r❡✲♣❛r❛♠❡t❡r✐③✐♥❣ t❤❡ s②st❡♠✱
t❤❡ ♣❛r❛♠❡t❡rs ❧❡❛r♥❡❞ ❜② t❤❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ❝♦rr❡s♣♦♥❞ t♦ ❛♥② t②♣❡ ♦❢ ✐♥♣✉t✳ ❯s✐♥❣ t❤✐s
♠❡t❤♦❞✱ t❤❡ ✐♥♣✉t ✇❛s ❝❤♦s❡♥ ❛s t❤❡ ♥♦r♠❛❧✐③❡❞ st❡❡r✐♥❣ ❝♦♠♠❛♥❞s✱ ❛❧❧♦✇✐♥❣ t❤❡ r❡♠♦✈❛❧ ♦❢ t❤❡ ❧♦✇
❧❡✈❡❧ tr❛❝❦❡r✳
❚❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡ ✇❛s t❡st❡❞ ❢♦r t✇♦ ❞✐✛❡r❡♥t s②st❡♠ ♠♦❞❡❧s ✉s✐♥❣ t✇♦ ❧❡❛r♥✐♥❣ r❛t❡s✳
❚❤❡ ✜rst ♠♦❞❡❧ ♠♦❞❡❧❡❞ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ❛s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ st❡❡r✐♥❣ ✐♥♣✉t✳ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts
s❤♦✇❡❞ ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs t♦ t❤❡✐r tr✉❡ ✈❛❧✉❡s ❛t ❛ s♣❡❡❞ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧❡❛r♥✐♥❣
r❛t❡✳ ❚❤❡ s❡❝♦♥❞ ♠♦❞❡❧ ❛❞❞❡❞ ❛ ❜✐❛s t❡r♠✱ t❤✉s ❛❞❞✐♥❣ ❛ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ t♦ t❤❡ ♠♦❞❡❧✳ ■t ✇❛s
s❤♦✇♥ t❤❛t t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❤❛♥❞❧❡ ✇❡❧❧ s✉❝❤ ❝❛s❡✱ ❛s ✐t t❡♥❞❡❞ t♦ ❛ttr✐❜✉t❡ t❤❡ ❡✛❡❝t ♦❢
♦♥❡ ♣❛r❛♠❡t❡r t♦ ❛♥♦t❤❡r✳ ❲❤✐❧❡ t❤✐s ❡✛❡❝t r❡❞✉❝❡❞ t❤❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ❛♥❞ t❤❡ ♣❡♥❛❧t② ✉s❡❞ ✐♥ t❤❡
❘▲❙ ❛❧❣♦r✐t❤♠✱ ✐t r❡s✉❧t❡❞ ✐♥ ❛ ♠✐s♠❛t❝❤ ❜❡t✇❡❡♥ ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t❡s ❛♥❞ t❤❡✐r tr✉❡ ✈❛❧✉❡s ✇❤✐❝❤
❤❛r♠❡❞ t❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳
❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✇❡r❡ ❝♦♥✜r♠❡❞ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ❚❤❡ ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t❡s ❝♦♥✲
✈❡r❣❡❞ t♦ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ✜①❡❞ ✈❛❧✉❡✱ ❞✉❡ t♦ s♠❛❧❧ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❝❛r✬s r❡❛❧ ❞②♥❛♠✐❝s✳ ❚❤❡
♣❤❡♥♦♠❡♥♦♥ ♦❢ ❛ss♦❝✐❛t✐♥❣ ❛♥ ❡✛❡❝t t♦ t❤❡ ✇r♦♥❣ ♣❛r❛♠❡t❡r ✇❛s ♥♦t✐❝❡❞ ❛❣❛✐♥ ✇❤❡♥ ✉s✐♥❣ t❤❡ ❡①✲
t❡♥❞❡❞ γ˙ ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ ✉s✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✱ t❤❡ ❝❛r✬s t✉r♥✐♥❣ r❛t❡ ✐s ✈❡r② ❧♦✇ ❛♥❞ t❤❡
♥❡❡❞ ❢♦r ❛ ❜✐❣❣❡r r❡❢❡r❡♥❝❡ ♣❛t❤ ✇❛s r❡♠❛r❦❡❞ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ♥❡❡❞❡❞ t✉r♥✐♥❣ r❛t❡✳ ❊✈❡♥ s♦✱
✉♥❞❡r t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❤❛r❞✇❛r❡✱ t❤❡ ♣r♦❜❧❡♠ ♠❛② ♥♦t ❜❡ ❢❡❛s✐❜❧❡ ❛t ❛❧❧ t✐♠❡s✳ ❚❤❡ ❧♦✇ ❧❡✈❡❧
tr❛❝❦❡r ✇❛s t❤✉s r❡✐♥tr♦❞✉❝❡❞✳ ❆ ✜♥❛❧ t❡st ✉s✐♥❣ tr❛❝❦✐♥❣ ♦❢ t❤❡ s♠❛❧❧ r❡❢❡r❡♥❝❡ ♣❛t❤ ✇❛s ♣r❡s❡♥t❡❞
❛♥❞ ❞❡♠♦♥str❛t❡❞ t❤❡ ❧✐♠✐ts ♦❢ ❝❛r✬s ❞②♥❛♠✐❝ ❝❛♣❛❜✐❧✐t✐❡s✱ ❡✈❡♥ ✇❤❡♥ ❣✐✈❡♥ ❣♦♦❞ ❡st✐♠❛t❡s ❢♦r t❤❡
♣❛r❛♠❡t❡rs✳
✸✶
✸✷
✽ ●❛✉ss✐❛♥ Pr♦❝❡ss❡s ▼♦❞❡❧✐♥❣ ❢♦r ❆❞❛♣t✐✈❡ ▼P❋❈
✽✳✶ ●❛✉ss✐❛♥ Pr♦❝❡ss❡s
❆❞❛♣t✐✈❡ ▼P❈ ❝❛♥ ❡♠♣❧♦② ♠❛♥② ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥✳ ■♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥s✱ ✇❡ s❤♦✇❡❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❡❝✉rs✐✈❡ ❧❡❛st sq✉❛r❡s ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ ❛❞❛♣t✐✈❡
▼P❋❈ ✉s✐♥❣ ✐t✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ❞✐✛❡r❡♥t ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t ✉t✐❧✐③❡s st♦❝❤❛st✐❝
▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ t♦♦❧s✳ ❲❡ ✉s❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✭●P✮✱ ❛ st♦❝❤❛st✐❝ t♦♦❧ ❜❛s❡❞ ♦♥ ❛ ●❛✉ss✐❛♥
❞✐str✐❜✉t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s✳ ❯s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✱ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ♠♦❞❡❧❡❞ ❛s ❛ ❞✐str✐❜✉t✐♦♥✳
❚❤✐s ✇✐❧❧ ❛❧s♦ s❡r✈❡ ❛s ❛ ❞♦♦r✇❛② t♦ st♦❝❤❛st✐❝ ▼P❈✱ ✇❤❡r❡ t❤❡ s②st❡♠✬s ❞②♥❛♠✐❝s ❛r❡ st♦❝❤❛st✐❝
✐♥st❡❛❞ ♦❢ ❞❡t❡r♠✐♥✐st✐❝✳
❙tr✐❝t❧② s♣❡❛❦✐♥❣✱ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❛s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❛♥② ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ✇❤✐❝❤ ❤❛✈❡ ❛ ❥♦✐♥t ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❆ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ♠❡❛♥ ❛♥❞
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✱ m(x) ❛♥❞ k(xi, xj) r❡s♣❡❝t✐✈❡❧②✳ ❆ ●P ❞❡✜♥❡s ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ ✐♥♣✉ts x ❛♥❞ t❤❡ ♦✉t♣✉ts y✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ s❛♠♣❧✐♥❣ ❛ ●P✱ t❤❡ r❡s✉❧t ✐s ❛ ❢✉♥❝t✐♦♥
f : x 7→ y✱ ✇❤❡r❡ x ❛♥❞ y ❝❛♥ ❜❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s t❤❡
❙q✉❛r❡❞ ❊①♣♦♥❡♥t✐❛❧✱ ❞❡✜♥❡❞ ❛s✿
k(xi, xj) = cov(f(xi), f(xj)) = σ
2
fexp(−
(xi − xj)
2
2l2
) + σ2nδij ✭✽✳✶✮
✇❤❡r❡ δij ✐s t❤❡ ❑r♦♥❡❝❦❡r✬s ❞❡❧t❛ ✭δij =
{
1 iif i = j
0 otherwise
✮✳ ❚❤❡ ❤②♣❡r♣❛r❛♠❡t❡rs ❛r❡ t❤❡ s✐❣♥❛❧
✈❛r✐❛♥❝❡ σ2f ✱ t❤❡ ❧❡♥❣t❤✲s❝❛❧❡ l ❛♥❞ t❤❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡ σ
2
n✳
❆ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✐s tr❛✐♥❡❞ ✉s✐♥❣ tr❛✐♥✐♥❣ ❞❛t❛✳ ■♥✐t✐❛❧❧②✱ t❤❡ ●P ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳
❯s✐♥❣ ❇❛②❡s ❧❛✇✱ t❤❡ tr❛✐♥✐♥❣ ❞❛t❛ ✐s ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ♣r✐♦r✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✳
❚❤❡ ♣♦st❡r✐♦r ❝❛♥ t❤❡♥ ❜❡ s❛♠♣❧❡❞ t♦ ❣❡t ❛ ❢✉♥❝t✐♦♥ f ♦r q✉❡r✐❡❞ ❛t ❞✐✛❡r❡♥t q✉❡r② ♣♦✐♥ts t♦ ❣❡t
♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ♦✉t♣✉ts✳
❋✐♥❛❧❧②✱ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❜② s♣❡❝✐❢②✐♥❣ ❛♥ ❡①♣❧✐❝✐t ❜❛s✐s ❢♦r t❤❡ ♠❡❛♥✳ ❚❤❡ ●P
✇♦✉❧❞ t❤✉s ❜❡ ❛ s✉♠ ♦❢ ❛ ③❡r♦ ♠❡❛♥ ●P ❛♥❞ ❛♥ ❡①♣❧✐❝✐t ❜❛s✐s✱ ✐✳❡✳
f ∼ βTΦ(x) + g ✭✽✳✷✮
g ∼ GP (0, k(xi, xj))
✇❤❡r❡ β ✐s ❛ ✈❡❝t♦r ♦❢ ❝♦❡✣❝✐❡♥ts ❛♥❞ Φ(x) ✐s ❛ s❡t ♦❢ ✜①❡❞ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❚❤✐s ❢♦r♠ ✇✐❧❧ ❜❡ ✉s❡❞
t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳
◆♦t❛t✐♦♥✿ X ❞❡♥♦t❡s t❤❡ ✐♥♣✉ts ♦❢ ❛ ●P✱ y ❞❡♥♦t❡s t❤❡ ♦✉t♣✉ts✳
▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✵✱ ✷✶❪✳
✽✳✷ ❙②st❡♠ ▼♦❞❡❧✐♥❣ ✉s✐♥❣ ●❛✉ss✐❛♥ Pr♦❝❡ss❡s
❘❡❝❛❧❧ t❤❛t t❤❡ ❞❡t❡r♠✐♥✐st✐❝ s②st❡♠ ✇❛s ❞❡✜♥❡❞ ❛s
q˙ =

 v cosγv sinγ
k0 + k1 · uγ

 ✭✽✳✸✮
■♥st❡❛❞ ♦❢ ✉s✐♥❣ t❤✐s ❞❡t❡r♠✐♥✐st✐❝ s②st❡♠✱ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ q˙✱ γ ❛♥❞ uγ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❛
●❛✉ss✐❛♥ ♣r♦❝❡ss✱ s✉❝❤ t❤❛t
X =
(
γ
uγ
)
, y = q˙ =

x˙y˙
γ˙

 ✭✽✳✹✮
❍♦✇❡✈❡r✱ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❞②♥❛♠✐❝s ❝♦♥t❛✐♥ t❤❡ ❝♦s✐♥❡ ❛♥❞ s✐♥❡ ♦❢ γ✳ ■♥ ♦r❞❡r t♦ ❤❛♥❞❧❡ t❤✐s✱ ✇❡ ❝❛♥
❡✐t❤❡r ❝❤❛♥❣❡ t❤❡ ✐♥♣✉ts ♦r ❝❤♦♦s❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❡①♣❧✐❝✐t ❜❛s✐s✳ ❇② ✐♥❝❧✉❞✐♥❣ t❤❡ s✐♥❡ ❛♥❞ ❝♦s✐♥❡ ✐♥
✸✸
t❤❡ ❡①♣❧✐❝✐t ❜❛s✐s✱ t❤❡ ●P ❝❛♥ ❣❡t ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡✳ ❚❤✉s✱ t❤❡ ❡①♣❧✐❝✐t
❜❛s✐s ✐s ❣✐✈❡♥ ❜② t❤❡ ❉✐✛❡r❡♥t✐❛❧ ❲❤❡❡❧s ❇❛s✐s
Φ(X) =


1
cosX1
sinX1
X2

 ✭✽✳✺✮
✇❤❡r❡ Xk ✐s t❤❡ ❦✲t❤ ❡❧❡♠❡♥t ♦❢ X✳
❋♦r t❤❡ ✜rst t❡st✱ ♦♥❧② ❛♥ ❡①♣❧✐❝✐t ❜❛s✐s ✐s ✉s❡❞✳ ❚❤✉s✱ t❤❡ ●P ♠♦❞❡❧ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡
❝♦❡✣❝✐❡♥ts ✈❡❝t♦r β✱ s✉❝❤ t❤❛t

x˙y˙
γ˙

 = βTΦ(X) ✭✽✳✻✮
■❢ ✇❡ ❝♦♠♣❛r❡ ❡q✉✳ ✽✳✸ ❛♥❞ ✽✳✻✱ ✇❡ ✜♥❞ t❤❛t β ✐s ❣✐✈❡♥ ❜②
βT =

 0 vx 0 00 0 vy 0
k0 0 0 k1

 ✭✽✳✼✮
❘❡♠❛r❦ ✶✿ ❆s ❜♦t❤ t❤❡ ❧✐♥❡❛r ❜❛s✐s ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✇❤❡❡❧s ❜❛s✐s ✐♥❝❧✉❞❡ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥
φ(x) = 1✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ✉s❡ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ γ˙ = k0 + k1 · uγ ✳
❘❡♠❛r❦ ✷✿ ❚♦ ❧✐❣❤t❡♥ t❤❡ ♣❧♦ts✱ t❤❡ ❧❡❣❡♥❞ ✐s ❡♠✐tt❡❞ ❢r♦♠ t❤❡ ♣❧♦ts s❤♦✇✐♥❣ ❛ ✜tt✐♥❣ ♦❢ ❛ ●❛✉ss✐❛♥
♣r♦❝❡ss✳ ■♥ ❛❧❧✱ t❤❡ ❜❧✉❡ ❞♦ts r❡♣r❡s❡♥t ❞❛t❛ ♣♦✐♥ts✱ t❤❡ s♦❧✐❞ r❡❞ ❧✐♥❡ ✐s t❤❡ ♠❡❛♥ ♦❢ t❤❡ ●P✱ ❛♥❞ t❤❡
t✇♦ ❞❛s❤❡❞ r❡❞ ❧✐♥❡s ❞❡❧✐♠✐t t❤❡ ❛r❡❛ ♦❢ ✾✺✪ ❝♦♥✜❞❡♥❝❡ r❡❣✐♦♥ ✭♣♦✐♥t✇✐s❡ ♠❡❛♥ ♣❧✉s ❛♥❞ ♠✐♥✉s t✇♦
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✮✳
❋✐❣✳ ✽✳✶ s❤♦✇s t❤❡ r❡s✉❧t ♦❢ ✜tt✐♥❣ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✉s✐♥❣ t❤✐s ❜❛s✐s✱ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❢♦r t❤❡
❝❛r✳
✭❛✮ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✜tt✐♥❣ ❢♦r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✭❜✮ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✜tt✐♥❣ ❢♦r ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts
❋✐❣✉r❡ ✽✳✶✿ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✜tt✐♥❣ ✉s✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✇❤❡❡❧s ❡①♣❧✐❝✐t ❜❛s✐s
❚❤❡ r❡s✉❧t✐♥❣ β ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳ ❯s✐♥❣ t❤❡ ♣r❡s❡♥t❡❞ ❢♦r♠ ♦❢ βT ✱ t❤❡ r❡s✉❧t✐♥❣ ♣❛r❛♠❡t❡rs
❛r❡
Simulation : vx = vy = 1.499 , k0 ≈ 0 , k1 = 9.599 ✭✽✳✽✮
Experiment : vx = 1.635 , vy = 1.649 , k0 = −0.15 , k1 = 1.885 ✭✽✳✾✮
✸✹
✭❘❡❝❛❧❧ t❤❛t ✐♥ s✐♠✉❧❛t✐♦♥ t❤❡ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ vx = vy = 1.5 , k0 = 0 , k1 = 9.6✮
❚❤❡ ✜❣✉r❡s ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥s s❤♦✇ ✉s ❛ ❣♦♦❞ ✜t ♦❢ t❤❡ r❡s✉❧ts ❜② t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳
❚❤✉s✱ t❤✐s ♠❡t❤♦❞ ♦❢ ❣❡♥❡r❛t✐♥❣ ❛ ●P ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❛♥ ❛❞❛♣t✐✈❡ ▼P❋❈
s❝r✐♣t ✭s❡❡ s❡❝t✐♦♥ ✽✳✹✮✳
✽✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ ❋✐tt✐♥❣ ▼❡t❤♦❞s
❲❤✐❧❡ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛r❡ ✈❡r② ❣♦♦❞✱ ♦✉r ✜♥❛❧ ❣♦❛❧ ✐s t♦ ✉s❡ t❤❡ s❛♠❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✐♥s✐❞❡ ❛
st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✭s❡❡ s❡❝t✐♦♥ ✾✮✳ ❉✉❡ t♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❧✐♠✐t❛t✐♦♥s✱ t❤❡ st♦❝❤❛st✐❝ ▼P❋❈ ❝❛♥
♦♥❧② ❤❛♥❞❧❡ ❧✐♥❡❛r ❜❛s✐s ❛♥❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛✳ ❚❤✉s✱ t❤❡ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts ♠✉st ❜❡ ❞❡❝♦♠♣♦s❡❞
✐♥t♦ ✶❉ ✈❡❝t♦rs ❛♥❞ ❛ ❧✐♥❡❛r ❜❛s✐s ♠✉st ❜❡ ✉s❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛s ❛ ❧✐♥❡❛r ❜❛s✐s ✐s ✉s❡❞✱ t❤❡ cos ❛♥❞
sin ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❞②♥❛♠✐❝s ❝❛♥♥♦t ❜❡ ♠♦❞❡❧❡❞ ❞✐r❡❝t❧②✳ ❚❤✉s✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ γ ❛s ✐♥♣✉t✱ cos γ
❛♥❞ sin γ ♠✉st ❜❡ ✉s❡❞✳ ❚❤❡ ✐♥♣✉t t♦ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❜❡❝♦♠❡s
X =

cos γsin γ
uγ

 ✭✽✳✶✵✮
❛♥❞ t❤❡ ❡①♣❧✐❝✐t ❜❛s✐s ✐s ❣✐✈❡♥ ❜②
Φ(X) =


1
X1
X2
X3

 ✭✽✳✶✶✮
❋♦r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ s❡✈❡r❛❧ t②♣❡s ♦❢ ●Ps ❝❛♥ ❜❡ ✉s❡❞✿ ❛ ❢✉❧❧ ●P ✭❛s ❞❡s❝r✐❜❡❞ ❜② ❡q✉✳ ✽✳✷✮✱ ♦♥❧② ❛
❧✐♥❡❛r ❡①♣❧✐❝✐t ❜❛s✐s ♦r ♦♥❧② ❛ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧✳ ❋✐❣✳ ✽✳✷ ❛♥❞ ✽✳✸ s❤♦✇ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥
t❤❡s❡ ❞✐✛❡r❡♥t t②♣❡s ❢♦r s✐♠✉❧❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳
✭❛✮ ❋✉❧❧ ●P ✭❜✮ ▲✐♥❡❛r ❇❛s✐s ●P ✭❝✮ ❙q✉❛r❡❞ ❊①♣♦♥❡♥t✐❛❧ ●P
❋✐❣✉r❡ ✽✳✷✿ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✜tt✐♥❣ ❢♦r s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ✭❛✮❢✉❧❧✱ ✭❜✮❧✐♥❡❛r ❜❛s✐s✱ ✭❝✮sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧
❦❡r♥❡❧
❆s ❝❛♥ ❜❡ s❡❡♥✱ ❜♦t❤ ❢♦r s✐♠✉❧❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥t✱ t❤❡ ❧✐♥❡❛r ❜❛s✐s ❣✐✈❡s t❤❡ ❜❡st r❡s✉❧ts ❢♦r ♦✉r
s②st❡♠✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❧✐♥❡❛r ❜❛s✐s ●P ✐s ❝♦♥✈❡♥✐❡♥t ❛s t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❡❛s✐❧②✱
❛s ✇❛s ❞♦♥❡ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✇❤❡❡❧s ❜❛s✐s✳ ❚❤✉s✱ t❤✐s t②♣❡ ♦❢ ●P ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ st♦❝❤❛st✐❝
▼P❋❈ s❝❤❡♠❡ ✭s❡❝t✐♦♥ ✾✮✳
❚❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ❦❡r♥❡❧✬s ♣❛r❛♠❡t❡rs l ❛♥❞ σf ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳ ❚❤❡ ♥♦✐s❡
✈❛r✐❛♥❝❡ σn ✐s ❡st✐♠❛t❡❞ ❞✉r✐♥❣ t❤❡ tr❛✐♥✐♥❣ ♦❢ t❤❡ ●P✳
✽✳✹ ❆❞❛♣t✐✈❡ ▼P❋❈ ✉s✐♥❣ ●❛✉ss✐❛♥ Pr♦❝❡ss❡s
❯s✐♥❣ t❤❡ ❞❡s❝r✐❜❡❞ ♠❡t❤♦❞ ❢♦r ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✜tt✐♥❣✱ ❛♥ ♦♥❧✐♥❡ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡
✐♠♣❧❡♠❡♥t❡❞✳ ❆t ❡✈❡r② t✐♠❡ st❡♣✱ ♥❡✇ ♠❡❛s✉r❡♠❡♥ts ♦❢ X =
(
γ
uγ
)
❛♥❞ y =

x˙y˙
γ˙

 ❛r❡ t❛❦❡♥✳ ❯s✐♥❣
t❤❡ ♥❡✇ ♠❡❛s✉r❡♠❡♥ts✱ ❛ ●P ✐s ✜tt❡❞ t♦ t❤❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ✉s✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✇❤❡❡❧s ❜❛s✐s✳ ❆s t❤❡
✸✺
✭❛✮ ❋✉❧❧ ●P ✭❜✮ ▲✐♥❡❛r ❇❛s✐s ●P ✭❝✮ ❙q✉❛r❡❞ ❊①♣♦♥❡♥t✐❛❧ ●P
❋✐❣✉r❡ ✽✳✸✿ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✜tt✐♥❣ ❢♦r ❡①♣❡r✐♠❡♥t ✉s✐♥❣ ✭❛✮❢✉❧❧✱ ✭❜✮❧✐♥❡❛r ❜❛s✐s✱ ✭❝✮sq✉❛r❡❞ ❡①♣♦♥❡♥✲
t✐❛❧ ❦❡r♥❡❧
❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ ✜tt✐♥❣ ❛ ●P ✐♥❝r❡❛s❡s r❛♣✐❞❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥✐♥❣ ❝❛s❡s✱ t❤❡ ♥✉♠❜❡r ♦❢
❝❛s❡s ✐s ❧✐♠✐t❡❞ t♦ ✶✺✵✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ✜t ❞❡♣❡♥❞s ♥♦t ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥✐♥❣ ❝❛s❡s✱
❜✉t ♦♥ t❤❡✐r q✉❛❧✐t②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ❣♦♦❞ ✜t t❤❡ ♠❡❛s✉r❡♠❡♥ts s❤♦✉❧❞ ❜❡ s♣r❡❛❞
♦✈❡r t❤❡ ❢✉❧❧ ✐♥t❡r✈❛❧ ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s✳ ❋♦r t❤✐s ❡♥❞✱ ✐♥st❡❛❞ ♦❢ ❦❡❡♣✐♥❣ ❡✈❡r② ♥❡✇ ♠❡❛s✉r❡♠❡♥t✱ t❤❡
❞❛t❛ s❡❧❡❝t✐♦♥ ✐s r❛♥❞♦♠✐③❡❞ ❜② s❡tt✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❦❡❡♣ ❛ ♥❡✇ ♠❡❛s✉r❡♠❡♥t t♦ ✵✳✶✱ s✉❝❤ t❤❛t
t❤❡ s❡❧❡❝t❡❞ tr❛✐♥✐♥❣ ❝❛s❡s ❛r❡ t❛❦❡♥ ❢r♦♠ ❛ ❜✐❣❣❡r t✐♠❡✲s♣❛♥✳
❖♥❝❡ t❤❡ ●P ✐s tr❛✐♥❡❞✱ t❤❡ ♣❛r❛♠❡t❡rs v✱ k0 ❛♥❞ k1 ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧ ❛♥❞
s❡♥t t♦ t❤❡ ▼P❋❈ ❝♦♥tr♦❧❧❡r✱ s✐♠✐❧❛r❧② t♦ t❤❡ ❘▲❙ ❛❞❛♣t❛t✐♦♥ s❝r✐♣t✳ ❆s ❞♦♥❡ ♣r❡✈✐♦✉s❧②✱ t❤❡ ❜✐❣❣❡r
r❡❢❡r❡♥❝❡ ♣❛t❤ ❛♥❞ t❤❡ ❧♦✇ ❧❡✈❡❧ ❝♦♥tr♦❧❧❡r ❛r❡ ✉s❡❞✳
❋✐❣✳ ✽✳✹ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈ ✉s✐♥❣ ●P ✐♥ s✐♠✉❧❛t✐♦♥✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡
♣❛r❛♠❡t❡rs ❝♦♥✈❡r❣❡ t♦ t❤❡✐r tr✉❡ ✈❛❧✉❡s ✐♥ ❛r♦✉♥❞ ✺ s❡❝♦♥❞s✳ ❉✉r✐♥❣ t❤❡ tr❛♥s✐t♦r② ♣❡r✐♦❞✱ t❤❡
♣❤❡♥♦♠❡♥♦♥ ♦❢ ❛ttr✐❜✉t✐♥❣ t❤❡ ❡✛❡❝t ♦❢ k1 t♦ k0 ❝❛♥ ❜❡ s❡❡♥ ❜✉t ✐s ❝♦rr❡❝t❡❞ r❛♣✐❞❧②✳ ❲❡ ❝❛♥ s❡❡ t❤❡
s②st❡♠ tr❛❝❦s ✇❡❧❧ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤✳
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.1837] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✽✳✹✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✜tt✐♥❣ ✭s✐♠✉❧❛t✐♦♥✮
❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✽✳✺✳ ❲❤✐❧❡ t❤❡ tr❛❝❦✐♥❣ ✐s ♥♦t ♣❡r❢❡❝t✱ ✐t ✐s s✐♠✐❧❛r t♦ t❤❡
r❡s✉❧ts ✉s✐♥❣ ❘▲❙✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ s❡❡♥ ❝♦♥✈❡r❣✐♥❣ t♦ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ✜①❡❞ ✈❛❧✉❡ ✭♥♦t✐❝❡
t❤❡ s♠❛❧❧ s❝❛❧❡ ♦❢ t❤❡ k0 ♣❧♦t✮✳ v0 ❝♦♥✈❡r❣❡ t♦ ❛r♦✉♥❞ ✶✳✻✺ ♠✴s✱ k0 ❞❡❝r❡❛s❡s t♦ ❛❧♠♦st ✵ ❛♥❞ k1
s❧♦✇❧② ❝♦♥✈❡r❣❡s t♦✇❛r❞s ✷✳✺✱ ❛❧❧ r❡❛s♦♥❛❜❧❡ ✈❛❧✉❡s ❜❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts✳
✸✻
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.6010] ✭❜✮ P❛r❛♠❡t❡rs ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡
❋✐❣✉r❡ ✽✳✺✿ ❆❞❛♣t✐✈❡ ▼P❋❈ ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✜tt✐♥❣ ✭❡①♣❡r✐♠❡♥t❛❧✮
✽✳✺ ❙✉♠♠❛r②
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✱ t❤❡✐r tr❛✐♥✐♥❣ ❛♥❞ t❤❡✐r ✉s❛❣❡ ✐♥ ❛❞❛♣t✐✈❡
♠♦❞❡❧ ♣r❡❞✐❝t✐✈❡ ♣❛t❤✲❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧✳
❋✐rst✱ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞✳ ❆ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
✇❤♦s❡ ❛♥② ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✇❤✐❝❤ ❤❛✈❡ ❛ ❥♦✐♥t ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❇② ✉s✐♥❣ ❛ ●P✱ t❤❡ r❡❧❛t✐♦♥s❤✐♣
❜❡t✇❡❡♥ ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts ❝❛♥ ❜❡ ♠♦❞❡❧❡❞✱ ✉s✉❛❧❧② ✉s✐♥❣ ❛ ❦❡r♥❡❧ ❛♥❞ ❛♥ ❡①♣❧✐❝✐t ❜❛s✐s✳
❲❡ t❤❡♥ ♣r❡s❡♥t❡❞ ❛ ♠❡t❤♦❞ t♦ ♠♦❞❡❧ t❤❡ ❝❛r✬s ❞②♥❛♠✐❝ s②st❡♠ ✉s✐♥❣ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✳ ❆ ♥❡✇
❡①♣❧✐❝✐t ❜❛s✐s✱ t❤❡ ❉✐✛❡r❡♥t✐❛❧ ❲❤❡❡❧s ❜❛s✐s✱ ✇❛s ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ r❡s✉❧ts ♦❢ ✜tt✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥ts
✉s✐♥❣ ❛ ●P ✇❡r❡ ♣r❡s❡♥t❡❞✱ s❤♦✇✐♥❣ ❛ ❣♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✬s ♣❛r❛♠❡t❡rs✳
❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ✜tt✐♥❣ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✇❛s ♣r❡s❡♥t❡❞✳ ❉✉❡ t♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥
❧✐♠✐t❛t✐♦♥s✱ ✇❡ ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ❛ ❧✐♥❡❛r ❡①♣❧✐❝✐t ❜❛s✐s ❛♥❞ ❛ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧✳ ❚❤❡ ❜❡st ✜t
✇❛s s❤♦✇♥ t♦ ❜❡ ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ♦♥❧② ❛♥ ❡①♣❧✐❝✐t ❜❛s✐s✳
❆♥ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡ ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✇❛s ♣r❡s❡♥t❡❞✱ s✐♠✐❧❛r t♦ t❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈
✉s✐♥❣ ❘▲❙✳ ■ts ♣❡r❢♦r♠❛♥❝❡ ♦♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥ts ✇❛s ♣r❡s❡♥t❡❞✳ ❚❤❡ ♣❛r❛♠❡t❡rs ✇❡r❡
s❤♦✇♥ t♦ ❝♦♥✈❡r❣❡ t♦ ❡✐t❤❡r ❛ ✜①❡❞ ✈❛❧✉❡ ♦r ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ✈❛❧✉❡✳
✸✼
✸✽
✾ ❙t♦❝❤❛st✐❝ ▼P❋❈
❆❢t❡r ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s t♦ ♠♦❞❡❧ t❤❡ ❝❛r✬s ❞②♥❛♠✐❝s ❛♥❞ t♦ ❛❞❛♣t t❤❡ s②st❡♠✬s ♣❛r❛♠❡t❡rs
♦♥❧✐♥❡✱ t❤❡ ♥❡①t st❡♣ ✐s t♦ ✐♥❝♦r♣♦r❛t❡ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✐♥t♦ t❤❡ ▼P❈ ❝♦♥tr♦❧❧❡r✳ ❇② r❡♣❧❛❝✐♥❣
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ s②st❡♠ ❞②♥❛♠✐❝s ❜② ❛ st♦❝❤❛st✐❝ ♠♦❞❡❧✱ ❛ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✐s ❝r❡❛t❡❞✳ ■♥
st♦❝❤❛st✐❝ ▼P❋❈✱ t❤❡ st❛t❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② ✐ts
♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ st♦❝❤❛st✐❝ s②st❡♠✳ ■♥ t❤❡ ❝❛s❡
♦❢ t❤❡ ❝❛r✱ t❤❡ s②st❡♠ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✉s✐♥❣ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✭❛s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥✮✳ ❚❤✉s✱ t❤✐s ●❛✉ss✐❛♥ ♣r♦❝❡ss ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r❡❞✐❝t t❤❡ ♥❡①t st❛t❡ ♦❢ t❤❡ s②st❡♠ ❜❛s❡❞ ♦♥
✐ts ❝✉rr❡♥t st❛t❡ ❛♥❞ t❤❡ ❛♣♣❧✐❡❞ ✐♥♣✉t✳
❇② ✉s✐♥❣ ❛ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡✱ t❤❡ ▼P❈ ❝♦♥tr♦❧❧❡r ❝❛♥ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢
t❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥✳ ❚❤✐s ✐s ❜❡♥❡✜❝✐❛❧ ✐♥ ❝❛s❡ ♦❢ ❞✐st✉r❜❛♥❝❡s✱ ♥♦✐s❡ ♦r s②st❡♠ ✉♥❝❡rt❛✐♥t✐❡s✱ ❛s t❤❡
❝♦♥tr♦❧❧❡r ✐s ♠♦r❡ r♦❜✉st ❛❣❛✐♥st ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ❝❛♥ ❣✉❛r❛♥t❡❡ st❛❜✐❧✐t② ❛♥❞ ❢❡❛s✐❜✐❧✐t② ❡✈❡♥ ✇❤❡♥
❢❛❝❡❞ ✇✐t❤ ✉♥❦♥♦✇♥ ❞✐st✉r❜❛♥❝❡s✳
❚❤✐s t❤❡s✐s ♣r❡s❡♥ts ❛ ❜❛s✐❝ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✉s✐♥❣ ❛ s✐♠♣❧❡ ❝♦♥tr♦❧ ♣♦❧✐❝②✳ ❚❤❡ ❝♦♥str❛✐♥ts
♦❢ t❤❡ r❡❛❧ s②st❡♠ ❛r❡ ♦♥❧② ❛♣♣❧✐❡❞ t♦ t❤❡ ♠❡❛♥ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐s ♦♥❧② ❝♦♥str❛✐♥❡❞ t♦ ❛
❜♦✉♥❞ ✐♥t❡r✈❛❧✳ ❚❤✐s ✐s t❤❡ ✜rst st❡♣ t♦✇❛r❞s ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ s❝❤❡♠❡✳ ❖♥❡ ❡①❛♠♣❧❡ ✐s ❬✷✷❪ ✇❤✐❝❤
♣r❡s❡♥ts ❛ st♦❝❤❛st✐❝ ▼P❈ ❢r❛♠❡✇♦r❦ t❤❛t ❝♦♥str❛✐♥ts t❤❡ ❛✈❡r❛❣❡ ✈✐♦❧❛t✐♦♥ ♦❢ st❛t❡ ❝♦♥str❛✐♥ts ♦✈❡r
t✐♠❡✳ ❬✷✸❪ ♣r❡s❡♥ts t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♠♠♦♥ ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ✲ ❧✐♥❡❛r st❛t❡ ❢❡❡❞❜❛❝❦ ❛♥❞
❞✐st✉r❜❛♥❝❡ ❢❡❡❞❜❛❝❦✳ ❯s✐♥❣ t❤✐s ❡q✉✐✈❛❧❡♥❝❡✱ ❛ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❞ ❛♥
♦♣t✐♠❛❧ st❛t❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♣♦❧✐❝② ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❚❤✐s r❡s✉❧t ❡♥❛❜❧❡s ▼P❈ s❝❤❡♠❡s ❢♦r s②st❡♠s
s✉❜❥❡❝t t♦ ✉♥❦♥♦✇♥ ❞✐st✉r❜❛♥❝❡s✳
✾✳✶ ❚❤❡ ❙t♦❝❤❛st✐❝ ▼P❋❈ ❙❝❤❡♠❡
❚❤❡ s②st❡♠ st❛t❡ ✐s ♥♦✇ ❞❡✜♥❡❞ ❜② ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✱ s✉❝❤ t❤❛t
q ∼ N (µq,Σq) ✭✾✳✶✮
✇❤❡r❡ µ ✐s t❤❡ ♠❡❛♥ ❛♥❞ Σ ✐s t❤❡ ✈❛r✐❛♥❝❡✳ ❆s ♦♥❧② t❤❡ r❡❛❧ s②st❡♠ ❝❛♥ ❜❡ ✜tt❡❞ ✇✐t❤ ❛ ●P✱ t❤❡ ✈✐rt✉❛❧
s②st❡♠ r❡♠❛✐♥s ❞❡t❡r♠✐♥✐st✐❝✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❝✉rr❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❧✐♠✐ts t❤❡ ✉s❡ ♦❢ ♠✉❧t✐✲✐♥♣✉t
✕ ♠✉❧t✐✲♦✉t♣✉t ●Ps✱ s♦ ✇❡ ❛r❡ ❢♦r❝❡❞ t♦ ♠♦❞❡❧ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ✐♥❞✐✈✐❞✉❛❧❧②✱ ✇✐t❤♦✉t ❛♥② ❝♦✉♣❧✐♥❣
❜❡t✇❡❡♥ ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ❢✉❧❧ s②st❡♠ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜②
q ∼

N (µx,Σx)N (µy,Σy)
N (µγ ,Σγ)

 x = (q
τ
)
✭✾✳✷✮
❚❤❡ st❛t❡ ✐s t❤✉s r❡♣r❡s❡♥t❡❞ ❛s ❛ ✼ ❞✐♠❡♥s✐♦♥ ✈❡❝t♦r ✭✸ µi✱ ✸ Σi ❛♥❞ τ✮✳ ❆❢t❡r ✜tt✐♥❣ ❡❛❝❤ ❞✐♠❡♥s✐♦♥
❛s ❛ ●P✱ t❤❡ ♥❡✇ s②st❡♠ ❞②♥❛♠✐❝s ❛r❡ ❣✐✈❡♥ ❜②
x˙ =


µ˙x, Σ˙x
µ˙y, Σ˙y
µ˙γ , Σ˙γ
τ˙

 =


gpx (cos µγ ,Σγ)
gpy (sin µγ ,Σγ)
gpγ
(
uγ ,Σuγ
)
uτ

 ✭✾✳✸✮
✇❤❡r❡ gpi() , i = x, y, γ ❞❡♥♦t❡s t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ✉s✐♥❣ t❤❡ ●P
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐♠❡♥s✐♦♥ i✳ ❚❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ✐s ❞♦♥❡ ✉s✐♥❣ ❡①❛❝t ♠♦♠❡♥t ♠❛t❝❤✐♥❣ ❢♦r
sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ ❛♥❞ ❧✐♥❡❛r ❜❛s✐s ✭s❡❡ s❡❝t✐♦♥ ✶✵✳✷✮✳ ❆s uγ ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ✐ts ✈❛r✐❛♥❝❡ ✐s
✜①❡❞ t♦ ❛ ❧♦✇ ✈❛❧✉❡✱ ❡✳❣✳ Σuγ = 10
−1✳ ❚❤❡ t❤r❡❡ ●Ps gpx, gpy, gpγ ✇❡r❡ tr❛✐♥❡❞ ✉s✐♥❣ ♠❡❛s✉r❡♠❡♥ts
❢r♦♠ ❡✐t❤❡r s✐♠✉❧❛t✐♦♥ ♦r ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ ●Ps ❝♦♥t❛✐♥✐♥❣ ❛ ❧✐♥❡❛r ❡①♣❧✐❝✐t ❜❛s✐s✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥
s❡❝t✐♦♥ ✽✳✸✳
❘❡♠❛r❦✿ ❆s st❛t❡❞ ♣r❡✈✐♦✉s❧②✱ ❞✉❡ t♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❧✐♠✐t❛t✐♦♥s t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ❝❛♥
♦♥❧② ❤❛♥❞❧❡ ❛ ❧✐♥❡❛r ❡①♣❧✐❝✐t ❜❛s✐s✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ✐♥♣✉ts t♦ t❤❡ gpx ❛♥❞ gpy ❛r❡ cos γ ❛♥❞ sin γ
r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ❣♦♦❞ ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ ❛ tr✐❣♦♥♦♠❡tr✐❝
❢✉♥❝t✐♦♥✳ ❖♥❡ ❝♦✉❧❞ ✉s❡❞ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡✳ ■♥ t❤✐s ❝❛s❡ Σf =
∂f
∂x
Σx✱
✇❤✐❝❤ ❜❡❝♦♠❡s Σf = sin(µx)Σx ❢♦r f(x) = cos(x)✳ ❍♦✇❡✈❡r✱ ❛s sin(µx) ❝❛♥ ❜❡❝♦♠❡ ③❡r♦✱ t❤✐s ♠❡t❤♦❞
❝❛♥ ❝r❡❛t❡ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ❞❡❝✐❞❡ t♦ ✉s❡ Σγ ❞✐r❡❝t❧② ❢♦r t❤❡ ♣r♦♣❛❣❛t✐♦♥✳
✸✾
❲❤✐❧❡ t❤✐s ✐s ♥♦t ❝♦♠♣❧❡t❡❧② ❝♦rr❡❝t✱ ✐t st✐❧❧ ♣r♦✈✐❞❡s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡
✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ s②st❡♠ ❛♥❞ ❞♦❡s♥✬t ✐♥tr♦❞✉❝❡ ♥✉♠❡r✐❝❛❧ ❡rr♦rs✳
❚❤❡ ❜❛s✐❝ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❞❡✜♥❡❞ ✐♥ ❡q✉✳ ✺✳✶ ✲ ✺✳✻ ✐s st✐❧❧ ✉s❡❞✳ ❙♦❧❡❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡s
❛r❡ ❛♣♣❧✐❡❞✱ ❞✉❡ t♦ t❤❡ ♥❡✇ st♦❝❤❛st✐❝ ♥❛t✉r❡ ♦❢ t❤❡ s②st❡♠✿
❼ ❆s t❤❡ st❛t❡ ✐s ❛ ❞✐str✐❜✉t✐♦♥✱ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r ❛❧s♦ ❜❡❝♦♠❡s ❛ ❞✐str✐❜✉t✐♦♥ ✭e ∼ N (µe,Σq)✮✳
❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦♥ ❞✐str✐❜✉t✐♦♥s ✭s❡❡ ❛♣♣❡♥❞✐① ❇✮ ✐♠♣❧②
e(t) = q(t)− qref (τ(t)) ⇒
{
µe = µq − qref (τ(t))
Σe = Σq
✭✾✳✹✮
✇❤❡r❡ µq = (µx, µy, µγ)
T
, Σq = (Σx,Σy,Σγ)
T
✳
❼ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ r❡♠❛✐♥s t❤❡ s❛♠❡✱ ❛♣❛rt ❢r♦♠ t❤❡ t❡r♠ ♣❡♥❛❧✐③✐♥❣ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r✳
❆s t❤❡ ❡rr♦r ✐s ❛ ❞✐str✐❜✉t✐♦♥✱ t❤❡ t❡r♠ 12 ‖e(t)‖
2
Q ✐s s♣❧✐t ✐♥t♦ t✇♦ t❡r♠s ❢♦r t❤❡ ♠❡❛♥ ❛♥❞
❝♦✈❛r✐❛♥❝❡✱ s✉❝❤ t❤❛t
Obje =
1
2
‖µe(t)‖
2
Q + trace
(
‖Σe(t)‖
2
)
✭✾✳✺✮
❼ ❚❤❡ st❛t❡ ❜♦① ❝♦♥str❛✐♥ts ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✺ ❜❡❝♦♠❡ t❤❡ ❜♦① ❝♦♥str❛✐♥ts ♦♥ µ✱ ✇❤✐❧❡ ❛❞❞✐✲
t✐♦♥❛❧ ❝♦♥str❛✐♥ts ❛r❡ ❛♣♣❧✐❡❞ ♦♥ Σ s✉❝❤ t❤❛t Σ ∈ S✳ ❚❤✉s x ∈ Q× S × R✳
❼ ❚❤❡ t❡r♠✐♥❛❧ ❝♦♥str❛✐♥ts r❡♠❛✐♥ t❤❡ s❛♠❡✱ ❜✉t ❛r❡ ♦♥❧② ❛♣♣❧✐❡❞ ♦♥ t❤❡ ♠❡❛♥✳ ❊q✉✳ ✺✳✺ ❛♥❞ ✺✳✻
❛r❡ t❤✉s r❡♣❧❛❝❡❞ ❜②
1
2
‖µe(T )‖
2
Q + µe(T )
TQf µ˙q(T ) ≤ 0
µe(T )
TQf q˙ref (τ(T )) ≥ 0
❲❤✐❧❡ t❤✐s ✐s ♥♦t ❝♦♠♣❧❡t❡❧② s✉♣♣♦rt❡❞ ❜② t❤❡ t❤❡♦r②✱ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ❛❞❞✐♥❣ t❤❡s❡
t❡r♠✐♥❛❧ ❝♦♥str❛✐♥ts ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ st♦❝❤❛st✐❝ ▼P❋❈ ✇♦✉❧❞ st✐❧❧ ✇♦r❦s ✇❡❧❧
✇✐t❤♦✉t t❤❡♠✳
❼ ❙❤♦♦t✐♥❣ ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥ts ❛r❡ r❡❧❛①❡❞✱ s✉❝❤ t❤❛t ✐♥st❡❛❞ ♦❢ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts ✇❡ ♥♦✇
❛❧❧♦✇ ❛ t♦❧❡r❛♥❝❡✳ ❚❤✉s✱ ❛t ❡❛❝❤ st❡♣ ✐♥ t❤❡ ❤♦r✐③♦♥
µy,k − µx,k+1 ∈ [−ε, ε]
Σy,k − Σx,k+1 ∈ [−ǫ, ǫ]
✇❤❡r❡ µy,k ❛♥❞ Σy,k ❛r❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ♦❢ xk ❛♥❞ ǫ, ε ❛r❡ t♦❧❡r❛♥❝❡s✳
◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳
✾✳✶✳✶ ■♥t❡❣r❛t✐♦♥ ♦❢ ❉✐str✐❜✉t✐♦♥s
❚❤❡ ❧❛st st❡♣ ♥❡❡❞❡❞ ❢♦r t❤❡ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✐s ❛ t♦♦❧ ❛❧❧♦✇✐♥❣ ✉s t♦ ♣r❡❞✐❝t t❤❡ st❛t❡ ♦✈❡r
t❤❡ ❤♦r✐③♦♥✳ ■♥ t❤❡ ♥♦♠✐♥❛❧ ▼P❋❈ s❝❤❡♠❡✱ t❤❡ ♥❡①t st❛t❡ ✐s ♣r❡❞✐❝t❡❞ ✉s✐♥❣ ❛ st❛♥❞❛r❞ ♦r❞❡r ✹
❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞ ✭❘❑✹✮ ❣✐✈❡♥ t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❞②♥❛♠✐❝s✳ ❚❤✐s ♠❡t❤♦❞ ♠✉st ❜❡ ❡①t❡♥❞❡❞ t♦
❤❛♥❞❧❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞②♥❛♠✐❝s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ x˙ = f (x, u) t❤❛t
❣✐✈❡♥ x ∼ N (µ,Σ) ❛♥❞ u s✉♣♣❧✐❡s t❤❡ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♦❢ x˙ ✉s✐♥❣ t❤❡ ❡①❛❝t ♠♦♠❡♥t ♠❛t❝❤✐♥❣
❛❧❣♦r✐t❤♠✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ x˙ ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✉s✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❘❑✹ ✐♥t❡❣r❛t♦r✳
❚❤❡ ❛♣♣r♦①✐♠❛t❡ ❘❑✹ ✐♥t❡❣r❛t♦r ✐s ❣✐✈❡♥ ❜②
k1 ∼ f (x, u)
k2 ∼ f
(
x+
h
2
k1, u
)
k3 ∼ f
(
x+
h
2
k2, u
)
k4 ∼ f (x+ hk3, u)
x(t+ h) ∼ x+
h
6
(k1 + 2k2 + 2k3 + k4)
✹✵
✇❤❡r❡ ❤ ✐s t❤❡ t✐♠❡ st❡♣✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ s✉♠♠❡❞ ✉s✐♥❣ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ◆♦r♠❛❧
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✭s❡❡ ❛♣♣❡♥❞✐① ❇✮✳ ▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤✐s ✐♥t❡❣r❛t♦r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✹❪✳
❯s✐♥❣ t❤❡ ❞❡s❝r✐❜❡❞ s❝❤❡♠❡✱ t❤❡ st♦❝❤❛st✐❝ ▼P❋❈ ❝❛♥ ♥♦✇ ❜❡ t❡st❡❞ ♦♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ ♦♥ t❤❡
❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳
✾✳✷ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts
■♥ ♦r❞❡r t♦ r✉♥ t❤❡ st♦❝❤❛st✐❝ ▼P❋❈ ♦♥ t❤❡ s✐♠✉❧❛t✐♦♥✱ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s tr❛✐♥❡❞ ✉s✐♥❣ s✐♠✉❧❛t✐♦♥
❞❛t❛ ✐s ♥❡❡❞❡❞✳ ❚❤❡ ●Ps ✉s❡❞ ❝♦♥t❛✐♥ ♦♥❧② ❛ ❧✐♥❡❛r ❡①♣❧✐❝✐t ❜❛s✐s ❛♥❞ ❛r❡ t❤❡ ♦♥❡s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✳
✽✳✷❜ ✭s❡❝t✐♦♥ ✽✳✸✮✳
❋✐❣✳ ✾✳✶ ♣r❡s❡♥ts t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✉s✐♥❣ t❤❡ ♣r♦♣♦s❡❞ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡✳ ❚❤❡ tr❛❝❦✐♥❣
r❡s✉❧ts ♦✈❡r ✷ ❧♦♦♣s ❛r❡ s❡❡♥ ✐♥ ✜❣✳ ✾✳✶❛✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ tr❛❝❦✐♥❣ ✐s ✈❡r② ❣♦♦❞✱ ✇✐t❤ ♦♥❧② s❧✐❣❤t
❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤✳ ❆s t❤❡ ❝♦♥tr♦❧❧❡r ✐s st♦❝❤❛st✐❝✱ ✐t ❛ss♦❝✐❛t❡s ❛ ❞✐str✐❜✉t✐♦♥ t♦
✐ts ♣r❡❞✐❝t✐♦♥ ❛t ❛♥② ♣♦✐♥t ♦❢ t✐♠❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r✬s ♣r❡❞✐❝t✐♦♥ ✐s
♠❡❛s✉r❡❞ ❜② t❤❡ ✉♥❝❡rt❛✐♥t②✱ ♦r t❤❡ ✈❛r✐❛♥❝❡✱ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✳ ❋✐❣✳ ✾✳✶❜ ♣r❡s❡♥ts t❤❡ tr❛❥❡❝t♦r②
❞✉r✐♥❣ ♦♥❡ ✜❣✉r❡✲✽✱ ❛❝❝♦♠♣❛♥✐❡❞ ❜② t❤❡ ❝♦♥tr♦❧❧❡r✬s ✉♥❝❡rt❛✐♥t②✳ ❚❤❡ ❛r❡❛ ❞❡❧✐♠✐t❡❞ ❜② t❤❡ ♣✉r♣❧❡
❛♥❞ ❣r❡❡♥ ❧✐♥❡s r❡♣r❡s❡♥ts t❤❡ ✾✺✪ ❝♦♥✜❞❡♥❝❡ r❡❣✐♦♥ ✭♣♦✐♥t✇✐s❡ ♠❡❛♥ ♣❧✉s ❛♥❞ ♠✐♥✉s t✇♦ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥s✮✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✱ t❤❡ ❝♦♥✜❞❡♥❝❡ r❡❣✐♦♥ ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✱ ✐♥❞✐❝❛t✐♥❣ ❛ ❤✐❣❤ ❧❡✈❡❧
♦❢ ❝♦♥✜❞❡♥❝❡ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r✳
−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
x [m]
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y
 [
m
]
Trajectory for 2 figures
reference
executed
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.0748]
−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
x [m]
−4
−3
−2
−1
0
1
2
3
4
y
 [
m
]
Trajectory for 1 figures with uncertainty
reference
executed
+2 Std. Dev.
-2 Std. Dev.
✭❜✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✶ ❧♦♦♣ s❤♦✇✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡
❝♦♥tr♦❧❧❡r
❋✐❣✉r❡ ✾✳✶✿ ❙t♦❝❤❛st✐❝ ▼P❋❈ ✭s✐♠✉❧❛t✐♦♥✮
❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ✐♥s✐❣❤t ✐♥t♦ t❤❡ st♦❝❤❛st✐❝ ❝♦♥tr♦❧❧❡r ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✾✳✷✳ ❚❤✐s ✜❣✉r❡ ♣r❡s❡♥ts
t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ st❛t❡ s❡q✉❡♥❝❡ ♦✈❡r t❤❡ ❤♦r✐③♦♥ ❛t ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t✐♠❡ ✭❛ s✐♥❣❧❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❖❈P✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t s❤♦✇s t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ q∗k ❛t t❤❡ ✶✵ st❡♣s
✐♥ t❤❡ ❤♦r✐③♦♥ ✭k = 1, . . . , 10)✳ ❚❤❡ ♠❡❛♥ ♦❢ ❡❛❝❤ ❞✐str✐❜✉t✐♦♥ ✐s ♣❧❛♥♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ❢♦r t❤❡ tr❛❝❦✐♥❣ ♣r♦❜❧❡♠✳ ❚❤❡ ✈❛r✐❛♥❝❡ ✐s ❛❧s♦ ♣r♦♣❛❣❛t❡❞✱ ❢♦❧❧♦✇✐♥❣ t❤❡ st♦❝❤❛st✐❝ s②st❡♠✬s
❞②♥❛♠✐❝s✳ ◆❛t✉r❛❧❧②✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❡ ✈❛r✐❛♥❝❡ t♦ ❣r♦✇ ❛t ❡❛❝❤ ♣r❡❞✐❝t✐♦♥ st❡♣ ❛s t❤❡ ♣r❡❞✐❝t✐♦♥
❜❡❝♦♠❡s ❧❡ss ❛♥❞ ❧❡ss ❝♦♥✜❞❡♥t✳ ❲❤✐❧❡ t❤✐s ♦❝❝✉rs ✐♥ t❤❡ s②st❡♠✱ t❤❡ ❣r♦✇t❤ ✐s ♠✐♥✐♠❛❧ t♦ t❤❡ ♣♦✐♥t
t❤❛t ✐t ✐s ❤❛r❞ t♦ ♥♦t✐❝❡✳ ❚❤❡ ❝♦♥tr♦❧❧❡r✬s ♣r❡❞✐❝t✐♦♥ ✐s t❤✉s ❤✐❣❤❧② ❝♦♥✜❞❡♥t✱ ✇❤✐❝❤ ✐s ♦❢ ❝♦✉rs❡ ❛
❣♦♦❞ s✐❣♥✱ t❤♦✉❣❤ ❡①♣❡❝t❡❞ ✐♥ t❤❡ ♣r❡❢❡❝t ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳
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❋✐❣✉r❡ ✾✳✷✿ Pr❡❞✐❝t✐♦♥ ♦❢ t❤❡ st❛t❡ ♦✈❡r t❤❡ ❤♦r✐③♦♥ ✭s✐♠✉❧❛t✐♦♥✮
✾✳✸ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts
❆❢t❡r s❡❡✐♥❣ t❤❡ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ♦♥ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✇❡ t✉r♥ t♦ t❡st t❤❡ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡
♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ❚❤❡ s❛♠❡ s❝❤❡♠❡ ✐s ✉s❡❞✱ ❛♣❛rt ❢r♦♠ r❡♣❧❛❝✐♥❣ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s
t❤❛t ♠♦❞❡❧ t❤❡ st♦❝❤❛st✐❝ s②st❡♠✳ ❋♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✱ ✇❡ ✉s❡ ●Ps tr❛✐♥❡❞ ♦♥ ❞❛t❛ ❢r♦♠ t❤❡
❡①♣❡r✐♠❡♥ts✱ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✳ ✽✳✸❜ ✭s❡❝t✐♦♥ ✽✳✸✮✳
❋✐❣✳ ✾✳✸ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ❙✐♠✐❧❛r t♦ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✜❣✳ ✾✳✸❛ s❤♦✇s t❤❡
tr❛❝❦✐♥❣ r❡s✉❧ts ❞✉r✐♥❣ ✷ ❧♦♦♣s ❛♥❞ ✜❣✳ ✾✳✸❜ s❤♦✇s t❤❡ tr❛❝❦✐♥❣ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡r✬s ❝♦♥✜❞❡♥❝❡
r❡❣✐♦♥✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ ❡✈❡♥ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✇❤❡r❡ t❤❡ ❞❛t❛ ✐s ♥♦✐s✐❡r ❛♥❞ ❝❛♥♥♦t ❜❡ ✜tt❡❞
❛s ✇❡❧❧ ❛s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✱ t❤❡ ❝♦♥✜❞❡♥❝❡ r❡❣✐♦♥ ✐s st✐❧❧ q✉✐t❡ s♠❛❧❧✳ ❚❤❡ tr❛❝❦✐♥❣ ✐ts❡❧❢ ✐s s✐♠✐❧❛r t♦
♣r❡✈✐♦✉s r❡s✉❧ts ✉s✐♥❣ ♦t❤❡r ▼P❋❈ s❝❤❡♠❡s✳
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Trajectory for 2 figures
reference
executed
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 0.3990]
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Trajectory for 1 figures with uncertainty
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❲❡ ❝❛♥ ❛❣❛✐♥ ♣❧♦t t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ st❛t❡ ♦✈❡r t❤❡ ❤♦r✐③♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✾✳✹✳ ❚❤❡
♣❧♦t s❤♦✇s ❝♦♠♣❛r❛❜❧❡ r❡s✉❧ts t♦ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✇✐t❤ ❛ s❧♦✇ ❣r♦✇t❤ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦✈❡r t❤❡ ❤♦r✐③♦♥✳
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❋✐❣✉r❡ ✾✳✹✿ Pr❡❞✐❝t✐♦♥ ♦❢ t❤❡ st❛t❡ ♦✈❡r t❤❡ ❤♦r✐③♦♥ ✭❡①♣❡r✐♠❡♥t❛❧✮
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Velocity
❋✐❣✉r❡ ✾✳✺✿ ❱❡❧♦❝✐t② ♣r♦✜❧❡ ❢♦r t❤❡ ♥♦r♠❛❧ ✈❡❧♦❝✐t② st♦❝❤❛st✐❝ ▼P❋❈ ❡①♣❡r✐♠❡♥t
❆ ✜♥❛❧ t❡st t❤❛t ❝❛♥ ❜❡ ❞♦♥❡ ✐s t♦ ✈❡r✐❢② t❤❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❝❛r✳ ■♥ t❤❡
❡①♣❡r✐♠❡♥t ♣r❡s❡♥t❡❞ ✐♥ ✜❣✳ ✾✳✸ t❤❡ ❝❛r✬s ✈❡❧♦❝✐t② ✐s ❛r♦✉♥❞ 1.75m/s✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✾✳✺✳ ■♥
❛ s❡❝♦♥❞ t❡st✱ t❤❡ ❝❛r ✇❛s ❞r✐✈❡♥ ❛t ❛ ✈❡❧♦❝✐t② ♦❢ ❛r♦✉♥❞ 3m/s✳ ❚❤❡ tr❛❝❦✐♥❣ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥
✜❣✳ ✾✳✻ ❛s ✇❡❧❧ ❛s t❤❡ ✈❡❧♦❝✐t② ♣r♦✜❧❡✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ tr❛❝❦✐♥❣ r❡s✉❧ts ❛r❡ ✇♦rs❡ ❛t ❤✐❣❤ ✈❡❧♦❝✐t②✱
♠♦st❧② ❞✉❡ t♦ t❤❡ ❧✐♠✐t❡❞ t✉r♥✐♥❣ r❛❞✐✉s ♦❢ t❤❡ ❝❛r✳ ■♥ ❢❛❝t✱ ❛t ❤✐❣❤ s♣❡❡❞ t❤❡ ❝❛r str✉❣❣❧❡s t♦ t✉r♥
❛s s❤❛r♣❧② ❛s ♥❡❡❞❡❞ ✇❤✐❝❤ ❝❛✉s❡s t❤❡ ❜✐❣ ♦✈❡rs❤♦♦t ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤✳ ❆❜♦✈❡ 3m/s t❤❡ t❡st✐♥❣
r♦♦♠ ❛✈❛✐❧❛❜❧❡ ✐s♥✬t s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❢♦r t❤❡ ❝❛r t♦ ❝♦♠♣❧❡t❡ ❛ ✜❣✉r❡✲✽✳ ❘❡♠❛r❦ t❤❛t ❡✈❡♥ ✉♥❞❡r
t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ♠❛♥❛❣❡s t♦ ❦❡❡♣ st❛❜✐❧✐t② ❛♥❞ ❢❡❛s✐❜✐❧✐t②✳
✹✸
−2 −1 0 1 2
x [m]
−4
−2
0
2
4
y
 [
m
]
Trajectory for 2 figures
reference
executed
✭❛✮ ❚r❛❥❡❝t♦r② ❞✉r✐♥❣ ✷ ❧♦♦♣s [ET = 1.0328]
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Velocity
✭❜✮ ❱❡❧♦❝✐t② ♣r♦✜❧❡
❋✐❣✉r❡ ✾✳✻✿ ❙t♦❝❤❛st✐❝ ▼P❋❈ ❛t ❤✐❣❤ s♣❡❡❞ ✭❡①♣❡r✐♠❡♥t❛❧✮
✾✳✹ ❙✉♠♠❛r②
❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥t❡❞ ❛ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳ ❚❤❡ ♥♦♠✐♥❛❧ ▼P❋❈
s❝❤❡♠❡ ♣r❡s❡♥t❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✇❛s ❛❞❛♣t❡❞ t♦ t❤❡ ✉s❡ ♦❢ ❛ st♦❝❤❛st✐❝ ♠♦❞❡❧ ❢♦r t❤❡ ❝❛r✬s
❞②♥❛♠✐❝s✳ ■♥ st♦❝❤❛st✐❝ ▼P❈✱ ❛s t❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧ ✐s st♦❝❤❛st✐❝✱ t❤❡ ▼P❋❈ ❝♦♥tr♦❧❧❡r ♣r❡❞✐❝ts t❤❡
st❛t❡ ♦✈❡r t❤❡ ❤♦r✐③♦♥ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✱ ❞❡✜♥❡❞ ❜② t❤❡✐r ♠❡❛♥s ❛♥❞ ✈❛r✐❛♥❝❡s✳ ❚❤✐s
✐♥tr♦❞✉❝❡s ❛ ❝♦♥✜❞❡♥❝❡ ♠❡❛s✉r❡♠❡♥t ✐♥t♦ t❤❡ ♣r❡❞✐❝t✐♦♥✱ s✉❝❤ t❤❛t t❤❡ ❝♦♥tr♦❧❧❡r ✐s ♠♦r❡ r♦❜✉st t♦
❞✐st✉r❜❛♥❝❡s✱ ♥♦✐s❡ ❛♥❞ ✉♥❝❡rt❛✐♥t✐❡s
❚❤❡ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧s✳ ❚❤❡ st♦❝❤❛st✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ st❛t❡ ✇❛s
✐♥tr♦❞✉❝❡❞ ❛♥❞ t❤❡ ❝❤❛♥❣❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦♠✐♥❛❧ ▼P❋❈ s❝❤❡♠❡ ✇❡r❡ ❡①♣❧❛✐♥❡❞✳ ❚❤❡ s②st❡♠
✇❛s ♠♦❞❡❧❡❞ ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ♦❜t❛✐♥❡❞ ❜② ✜tt✐♥❣ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ ❡✐t❤❡r t❤❡ s✐♠✉❧❛t✐♦♥
♦r t❤❡ ❡①♣❡r✐♠❡♥ts✳ ❆ ♠❡t❤♦❞ t♦ ✐♥t❡❣r❛t❡ ♦✈❡r t❤❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✉s✐♥❣ ❘❑✹ ✇❛s ❛❧s♦
♣r❡s❡♥t❡❞✳
❚❤❡ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✇❛s t❡st❡❞ ✜rst ♦♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡♥ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳
❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts s❤♦✇❡❞ ❣♦♦❞ tr❛❝❦✐♥❣ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤✳ ❚❤❡ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ ♦❢ t❤❡ ♦❢
t❤❡ ❝♦♥tr♦❧❧❡r ✇❤✐❧❡ tr❛❝❦✐♥❣ ✇❛s s❤♦✇♥ t♦ ❜❡ r❡❧❛t✐✈❡❧② ❧♦✇✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ st❛t❡✬s
♣r❡❞✐❝t✐♦♥ ♦✈❡r t❤❡ ❤♦r✐③♦♥ ✇❛s s❤♦✇♥ ❢♦r ❛ ✜①❡❞ ♣♦✐♥t ✐♥ t✐♠❡✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✬s ✈❛r✐❛♥❝❡ ✇❛s
s❤♦✇♥ t♦ s❧♦✇❧② ❣r♦✇✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s ❛ s❧♦✇ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❝♦♥tr♦❧❧❡r✬s ❝♦♥✜❞❡♥❝❡ ♦✈❡r t❤❡ ❤♦r✐③♦♥✳
❙✐♠✐❧❛r r❡s✉❧ts ✇❡r❡ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ❚❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✇❛s s❤♦✇♥ t♦
❜❡ ❣♦♦❞ ❛♥❞ ❝♦♠♣❛r❛❜❧❡ t♦ r❡s✉❧ts ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ♦t❤❡r ▼P❋❈ s❝❤❡♠❡s✳ ❚❤❡ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ ♦❢
t❤❡ ❝♦♥tr♦❧❧❡r ✇❛s s❤♦✇♥ t♦ ❜❡ r❡❧❛t✐✈❡❧② ❤✐❣❤ ❛♥❞ t❤❡ ✉♥❝❡rt❛✐♥t② ♦✈❡r t❤❡ ❤♦r✐③♦♥ t♦ ❜❡ s❧♦✇❧②
✐♥❝r❡❛s✐♥❣✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ✐♥ t❤❡ s②st❡♠ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✱ t❤✐s ✐♥❞✐❝❛t❡s t❤❡
❣♦♦❞ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ▼P❋❈ s❝❤❡♠❡ t♦ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ❞✐st✉r❜❛♥❝❡s✳
✹✹
✶✵ ❯♥❝❡rt❛✐♥t② Pr♦♣❛❣❛t✐♦♥ ❢♦r ●❛✉ss✐❛♥ Pr♦❝❡ss❡s
❚❤❡ ❧❛st ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✉♥❝❡rt❛✐♥t② ❢♦r ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳
●✐✈❡♥ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✱ ✇❡ ✇❛♥t t♦ ✜♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦✉t♣✉t ❣✐✈❡♥ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
✐♥♣✉t✳ ❇♦t❤ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡✐r ♠❡❛♥ µ ❛♥❞ ✈❛r✐❛♥❝❡ Σ✱ t❤✉s t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s
♣r❡❞✐❝t✐♥❣ t❤❡ ♦✉t♣✉t✬s (µy,Σy) ❣✐✈❡♥ t❤❡ ✐♥♣✉t✬s (µX ,ΣX)✳
●✐✈❡♥ t❤❡ ✐♥♣✉t ❞✐str✐❜✉t✐♦♥ p (Xq)✱ t❤❡ ♦✉t♣✉t ❞✐str✐❜✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②
p (yq|X, y) =
∫
X
p (yq|X, y,Xq) p (Xq) dXq ✭✶✵✳✶✮
❚✇♦ ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ t❤✐s ✐♥t❡❣r❛❧ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳
✶✵✳✶ ❚❡st✐♥❣ ❙②st❡♠
■♥ ♦r❞❡r t♦ t❡st t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥✱ ✇❡ ✉s❡ ❛ s✐♠♣❧❡ s②st❡♠ ♠♦❞❡❧❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ f(x)✱
♥❛♠❡❞ t❤❡r❡❛❢t❡r t❤❡ ✏tr✉❡ ❢✉♥❝t✐♦♥✑✳ ❚❤❡ ❢✉♥❝t✐♦♥ f ✐s s❛♠♣❧❡❞ ❛t N r❛♥❞♦♠ ♣♦✐♥ts ✇❤✐❝❤ ❛r❡ ✉s❡❞
t♦ tr❛✐♥ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✳ ❚❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s t❡st❡❞ ❜② ♣r♦♣❛❣❛t✐♥❣ ♦✈❡r ✶✵
st❡♣s✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ x0✳
❋✐❣✳ ✶✵✳✶ s❤♦✇s t❤❡ tr✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ✜tt✐♥❣ ♦❢ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r
f, N ❛♥❞ x0 ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳
❋✐❣✉r❡ ✶✵✳✶✿ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✜tt✐♥❣ t♦ t❤❡ tr✉❡ ❢✉♥❝t✐♦♥ ✉s✐♥❣ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ ❛♥❞ ❧✐♥❡❛r
❡①♣❧✐❝✐t ❜❛s✐s
✶✵✳✷ ❊①❛❝t ▼♦♠❡♥t ▼❛t❝❤✐♥❣
●✐✈❡♥ ❛ ●❛✉ss✐❛♥ ✐♥♣✉t ❞✐str✐❜✉t✐♦♥ p(Xq) ∼ N (µ,Σ)✱ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ❡q✉✳ ✶✵✳✶ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❛♥❛❧②t✐❝❛❧❧② ❢♦r ❝❡rt❛✐♥ t②♣❡s ♦❢ ❜❛s✐s ❛♥❞ ❦❡r♥❡❧s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❛♥❞ ♣♦❧②♥♦♠✐❛❧
❦❡r♥❡❧s ❛♥❞ t❤❡ ❧✐♥❡❛r ❜❛s✐s✳ ❚❤✉s✱ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠♦♠❡♥ts ♦❢ t❤❡ ♦✉t♣✉t ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡
❢♦✉♥❞ ❡①❛❝t❧②✱ ❤❡♥❝❡ t❤❡ ♥❛♠❡ ✏❡①❛❝t ♠♦♠❡♥t ♠❛t❝❤✐♥❣✑✳
❬✷✺❪ ✭s❡❝t✐♦♥ ✸✳✹✮ ❞❡r✐✈❡s t❤❡ ♠♦♠❡♥t ♠❛t❝❤✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❝♦♥t❛✐♥✐♥❣ ♦♥❧②
●❛✉ss✐❛♥ ❦❡r♥❡❧s✳ ❬✷✹❪ ❡①t❡♥❞s t❤❡s❡ r❡s✉❧ts t♦ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❝♦♥t❛✐♥✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧✐♥❡❛r
❡①♣❧✐❝✐t ❜❛s✐s✳ ❯s✐♥❣ t❤❡s❡ r❡❢❡r❡♥❝❡s✱ t❤❡ ❡①❛❝t ♠♦♠❡♥t ♠❛t❝❤✐♥❣ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞
✉s✐♥❣ ❛ s②♠❜♦❧✐❝ ❢r❛♠❡✇♦r❦✳
❋✐❣✳ ✶✵✳✷ s❤♦✇s t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ✉s✐♥❣ ❡①❛❝t ♠♦♠❡♥t ♠❛t❝❤✐♥❣✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡
✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✐s ✈❡r② ♥❛rr♦✇ ❛♥❞ ❜❡❝♦♠❡s ♠♦r❡ s♣r❡❛❞ ♦✉t ♦✈❡r t❤❡ ✐t❡r❛t✐♦♥s✳ ❚❤✐s ✐s ♥❛t✉r❛❧✱
❛s ❛t ❡❛❝❤ ♣r♦♣❛❣❛t✐♦♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♦✉t♣✉t ✐s ❜✐❣❣❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ✐♥♣✉t✳
✹✺
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Uncertainty propagation
Exact
❋✐❣✉r❡ ✶✵✳✷✿ ❯♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ✉s✐♥❣ ❊①❛❝t ▼♦♠❡♥t ▼❛t❝❤✐♥❣
✶✵✳✸ ❆♣♣r♦①✐♠❛t❡ ▼♦♠❡♥t ▼❛t❝❤✐♥❣
❊①❛❝t ♠♦♠❡♥t ♠❛t❝❤✐♥❣ ✐s ✐♠♣♦ss✐❜❧❡ ❢♦r ♦t❤❡r t②♣❡s ♦❢ ❦❡r♥❡❧s✱ ❛s t❤❡ ✐♥t❡❣r❛❧ ✐♥ ❡q✉✳ ✶✵✳✶ ❝❛♥♥♦t
❜❡ ❝♦♠♣✉t❡❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❋♦r s✉❝❤ ❝❛s❡s✱ ♦♥❡ ❝♦✉❧❞ ✉s❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♠♦♠❡♥t ♠❛t❝❤✐♥❣ ♠❡t❤♦❞✱
✇❤❡r❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s ❛♣♣r♦①✐♠❛t❡❞ ✉s✐♥❣ ❛ ❚❛②❧♦r s❡r✐❡s ❛r♦✉♥❞ t❤❡ ♠❡❛♥ u✱ s✉❝❤ t❤❛t
C(x, xi) ≈ C(u, xi) + (x− u)
TC ′(u, xi) +
1
2
(x− u)TC ′′(u, xi)(x− u) ✭✶✵✳✷✮
Pr♦♣♦s✐t✐♦♥ ✹ ✭❆♣♣r♦①✐♠❛t❡ ▼♦♠❡♥t ▼❛t❝❤✐♥❣✮✳ ❈♦♥s✐❞❡r ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✇✐t❤ t❤❡ ❦❡r♥❡❧
❢✉♥❝t✐♦♥ C(x1, x2) ❛♥❞ ❛ ❧✐♥❡❛r ❡①♣❧✐❝✐t ❜❛s✐s✳ ●✐✈❡♥ t❤❡ ●❛✉ss✐❛♥ ✉♥❝❡rt❛✐♥ ✐♥♣✉t x ∼ N (µ,Σ)✱ t❤❡
♦✉t♣✉t ✐s ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ y ∼ N (m, v) ✇❤❡r❡ m ❛♥❞ v ❛r❡ ❣✐✈❡♥ ❜②
m (u,Σ) = mkernel +mbasis =
N∑
i=1
αili + u
Tβ
v (u,Σ) = vkernel (u,Σ) + vbasis (u,Σ)− vmixed (u,Σ)
✇✐t❤
vkernel (u,Σ) = σn + C(u, u) +
1
2
tr (C ′′(u, u)Σ)−
N∑
i,j=1
Sijtr
(
C ′(u, xi)C
′(u, xj)
TΣ
)
−
N∑
i,j=1
(Sij + αiαj)C(u, xi)C(u, xj)
−
1
2
N∑
i,j=1
(Sij + αiαj) [C(u, xi)tr (C
′′(u, xj)Σ) + C(u, xj)tr (C
′′(u, xi)Σ)]
vbasis (u,Σ) = tr(M
−1Σ) + uTM−1u+ βTΣβ
vmixed (u,Σ) = 2
N∑
i=1
E
(
li
u li + tr (C
′(u, xi)Σ)
)
− 2mkernelmbasis
li = C(u, xi) +
1
2
tr (C ′′(u, xi)Σ)
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❈✳ 
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❋✐❣✳ ✶✵✳✸ ♣r❡s❡♥ts t❤❡ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ✉s✐♥❣ ❛♣♣r♦①✐♠❛t❡ ♠♦♠❡♥t ♠❛t❝❤✐♥❣ ❢♦r t❤❡ s❛♠❡
s②st❡♠ ✉s❡❞ ♣r❡✈✐♦✉s❧②✱ ✇✐t❤ t❤❡ ❡①❛❝t ♠♦♠❡♥t ♠❛t❝❤✐♥❣ r❡s✉❧ts ❢♦r ❝♦♠♣❛r✐s♦♥✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡
❛♣♣r♦①✐♠❛t❡ r❡s✉❧ts ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❡①❛❝t ♣r♦♣❛❣❛t✐♦♥✱ t❤♦✉❣❤ ♥♦t ❡①❛❝t❧② t❤❡ s❛♠❡✳
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✶✶ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉t✉r❡ ❲♦r❦
P❛t❤✲❢♦❧❧♦✇✐♥❣ ✐s ❛ ✈❡r② ❝♦♠♠♦♥ t❛s❦ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✳ ▼❛♥② s♦❧✉t✐♦♥s ✇❡r❡ ♣r♦♣♦s❡❞ ♦✈❡r t❤❡
②❡❛rs t♦ ❤❛♥❞❧❡ ♣❛t❤✲❢♦❧❧♦✇✐♥❣✱ ❡❛❝❤ ✇✐t❤ ✐ts ♦✇♥ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s❛❞✈❛♥t❛❣❡s✳ ■♥s♣✐r❡❞ ❜② ❆✐r❜♦r♥❡
❲✐♥❞ ❊♥❡r❣② s②st❡♠s✱ ✇❤❡r❡ ❛ ❦✐t❡ ♠✉st tr❛❝❦ ❛ ♣❛t❤ ✐♥ t❤❡ s❦② ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ♦♣t✐♠❛❧ ♣♦✇❡r✱
t❤✐s t❤❡s✐s ❡①♣❧♦r❡s t❤❡ ✉s❡ ♦❢ ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ P❛t❤✲❋♦❧❧♦✇✐♥❣ ✭▼P❋❈✮ s❝❤❡♠❡s t♦ tr❛❝❦ ❛ r❡❢❡r❡♥❝❡
♣❛t❤✳ ❚❤❡ ♣❧❛t❢♦r♠ ❝❤♦s❡♥ t♦ t❡st t❤❡ ▼P❋❈ s❝❤❡♠❡s ✐s ❛ ♠✐❝r♦✲s❝❛❧❡ ❘❈ ❝❛r✳
❚❤✐s ✇♦r❦ ♣r❡s❡♥ts ❛ ❝♦♠♣❧❡t❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ❛ ♣❛t❤ ❢♦❧❧♦✇✐♥❣ s②st❡♠✳ ❆ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r
✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ▼P❋❈ ♣❧❛♥♥❡r ✐♥ ♦r❞❡r t♦ ❢♦❧❧♦✇ ❛ ♣r❡❞❡✜♥❡❞ r❡❢❡r❡♥❝❡ ♣❛t❤✳ ❚❤❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ♣r❡s❡♥t❡❞✱ ❛s ✇❡❧❧ ❛s t❤❡ r❡❛❧ ❛♥❞ ✈✐rt✉❛❧ s②st❡♠s ✉s❡❞ ✐♥ t❤❡ ▼P❋❈ s❝❤❡♠❡✳
❉✐✛❡r❡♥t ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ ❈♦♥tr♦❧ s❝❤❡♠❡s ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ t❡st❡❞ ♦♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❛♥
❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳
❆ ♥♦♠✐♥❛❧ ▼P❋❈ s❝❤❡♠❡ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ t❡st❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts✳ ❉✉❡ t♦ ❝❤❛❧❧❡♥❣❡s ❛r✐s✐♥❣ ❢r♦♠ t❤❡
r❡❛❧ ✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥✱ r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠s ♠✉st ❜❡ ❛❞❞❡❞✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞
❛❧♦♥❣ ✇✐t❤ t✇♦ ✐♠♣❡r❢❡❝t✐♦♥s ✐♥ t❤❡ s②st❡♠ ✲ ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ❛ ❞❡❧❛② ✐♥ t❤❡ ❧♦✇
❧❡✈❡❧ tr❛❝❦❡r✬s ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r✬s ♣❛r❛♠❡t❡rs ✐s ✐♥✈❡st✐❣❛t❡❞✳ ■t ✐s s❤♦✇♥
t❤❛t t❤❡ tr❛❝❦✐♥❣ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ♣❛t❤ ❝❛♥ ❜❡ ✈❛st❧② ✐♠♣r♦✈❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ♣❡♥❛❧t② ♦❢ t❤❡ s❧❛❝❦
✈❛r✐❛❜❧❡s✱ ❡q✉✐✈❛❧❡♥t t♦ r❡❞✉❝✐♥❣ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ✉s❡❞ ❜② t❤❡ ❝♦♥tr♦❧❧❡r✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ ♥✉♠❡r✐❝❛❧
❧✐♠✐t❛t✐♦♥s ❛♥❞ r❡❛❧ ✇♦r❧❞ ✐♠♣❡r❢❡❝t✐♦♥s✱ ❝♦♠♣❧❡t❡❧② r❡♠♦✈✐♥❣ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ❝❛✉s❡s t❤❡ ❝♦♥tr♦❧❧❡r
t♦ ❥✉♠♣ ❜❡t✇❡❡♥ ❧♦❝❛❧ s♦❧✉t✐♦♥s ❛♥❞ r❡s✉❧ts ✐♥ ❛♥ ✉♥s♠♦♦t❤ tr❛❥❡❝t♦r②✳ ❚❤❡ ♣❡♥❛❧t② ♦♥ t❤❡ tr❛❝❦✐♥❣
❡rr♦r ✐s ❛❧s♦ t✉♥❡❞ ❜✉t ✐s s❤♦✇♥ t♦ ❤❛✈❡ ❛ ♠✐♥♦r ❡✛❡❝t ♦♥ t❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳
❚♦ ✐♠♣r♦✈❡ t❤❡ s②st❡♠✬s ♠♦❞❡❧ ✉s❡❞ ❜② t❤❡ ▼P❋❈ ❝♦♥tr♦❧❧❡r✱ ❛♥ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ✐s ♣r♦♣♦s❡❞✳ ❚❤❡
▼P❋❈ ❝♦♥tr♦❧❧❡r ✐s ❝♦✉♣❧❡❞ ✇✐t❤ ❛♥ ❛❞❛♣t❛t✐♦♥ s❝r✐♣t ✇❤✐❝❤ ♣r♦✈✐❞❡s ✐t ✇✐t❤ ✉♣❞❛t❡❞ ❡st✐♠❛t✐♦♥s ♦❢
t❤❡ s②st❡♠✬s ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❛❞❛♣t❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✉s❡s ♠❡❛s✉r❡♠❡♥ts t♦ ✉♣❞❛t❡ t❤❡ ♣❛r❛♠❡t❡rs✬
❡st✐♠❛t❡s ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ✉♣❞❛t❡ r✉❧❡✳ ❚❤✉s ♣❧❛♥t✲♠♦❞❡❧ ♠✐s♠❛t❝❤ ✐s r❡❞✉❝❡❞ ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡
✐s ✐♠♣r♦✈❡❞✳
❚❤❡ ✜rst ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s t❤❡ ❘❡❝✉rs✐✈❡ ▲❡❛st ❙q✉❛r❡s ✭❘▲❙✮✱ ❜❛s❡❞ ♦♥
t❤❡ ❘♦❜✐♥♥s✲▼♦♥r♦ ❛❧❣♦r✐t❤♠✳ ❙❡✈❡r❛❧ ✈❡rs✐♦♥s ♦❢ ❘▲❙ ❛r❡ ❞❡r✐✈❡❞ ❢♦r t✇♦ ❞✐✛❡r❡♥t r❡♣r❡s❡♥t❛t✐♦♥s
♦❢ t❤❡ st❛t❡✳ ❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ✐s ❞❡r✐✈❡❞ ❢♦r t❤❡ s❡❝♦♥❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛s ✇❡❧❧ ❛s
❛ ✜❧t❡r ❘▲❙ ❡①t❡♥s✐♦♥ ✳ ❚❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ✐s t❤❡♥ ❛❞❛♣t❡❞ t♦ t❤❡ ❝❛r s②st❡♠ ❛♥❞ ✐s t❡st❡❞ ♦♥ ❜♦t❤
s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s②st❡♠✳ ■t ✐s s❤♦✇♥ ❤♦✇ ❜② r❡✲♣❛r❛♠❡t❡r✐③✐♥❣ t❤❡ s②st❡♠ ❛♥❞ ✉s✐♥❣
❛♥ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ t❤❡ ♣❛r❛♠❡t❡rs ❧❡❛r♥❡❞ ❝❛♥ ❝♦rr❡s♣♦♥❞ t♦ ❛♥② t②♣❡ ♦❢ ✐♥♣✉t✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ ✐♥♣✉t ✐s ❝❤♦s❡♥ t♦ r❡♣r❡s❡♥t ♥♦r♠❛❧✐③❡❞ st❡❡r✐♥❣ ❝♦♠♠❛♥❞s✱ s✉❝❤ t❤❛t t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ❝❛♥
❜❡ ❞✐s❝❛r❞❡❞✳
❚❤❡ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡ ✐s t❡st❡❞ ✉s✐♥❣ t✇♦ ❧❡❛r♥✐♥❣ r❛t❡s ❢♦r t✇♦ ❞✐✛❡r❡♥t ♠♦❞❡❧s ♦❢ t❤❡ s②st❡♠✳
❚❤❡ ✜rst ♠♦❞❡❧ st❛t❡s t❤❛t t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ st❡❡r✐♥❣ ✐♥♣✉t✳ ❚❡st✐♥❣ ♦♥
s✐♠✉❧❛t✐♦♥✱ t❤✐s r❡s✉❧ts ✐♥ ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs t♦ t❤❡✐r tr✉❡ ✈❛❧✉❡s✳ ❚❤❡ s❡❝♦♥❞ ♠♦❞❡❧
❛❞❞s ❛ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ t♦ t❤❡ ♠♦❞❡❧ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❜✐❛s t❡r♠✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ❘▲❙ ❛❧❣♦r✐t❤♠ ✐s
♥♦t ✇❡❧❧ s✉✐t❡❞ ❢♦r t❤✐s ❝❛s❡✱ ❛s ✐t t❡♥❞s t♦ ❛ss♦❝✐❛t❡ t❤❡ ❡✛❡❝t ♦❢ ♦♥❡ ♣❛r❛♠❡t❡r t♦ ❛♥♦t❤❡r✳ ❲❤✐❧❡ t❤❡
♣r❡❞✐❝t✐♦♥ ❡rr♦r ✐s r❡❞✉❝❡❞✱ ❛ ♣❧❛♥t✲♠♦❞❡❧ ♠✐s♠❛t❝❤ ✐s ❢♦r♠❡❞✱ ✇❤✐❝❤ ❤❛r♠s t❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳
❚❤❡s❡ r❡s✉❧ts ❛r❡ ❝♦♥✜r♠❡❞ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs✬ ❡st✐♠❛t✐♦♥s ❝♦♥✈❡r❣❡
t♦ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ✜①❡❞ ✈❛❧✉❡✳ ❚❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ❛ttr✐❜✉t✐♥❣ ❛♥ ❡✛❡❝t t♦ t❤❡ ✇r♦♥❣ ♣❛r❛♠❡t❡r
❛♣♣❡❛rs ❛❣❛✐♥✳ ❋♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❤♦✇❡✈❡r✱ t❤❡ ❝❛r✬s t✉r♥✐♥❣ r❛t❡ ✐s ✈❡r② ❧♦✇✳ ❆ ❜✐❣❣❡r
r❡❢❡r❡♥❝❡ ♣❛t❤ ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ t✉r♥✐♥❣ r❛t❡ r❡q✉✐r❡❞✳ ❊✈❡♥ s♦✱ ✉♥❞❡r t❤❡ ❧✐♠✐t❛t✐♦♥s
♦❢ t❤❡ ❤❛r❞✇❛r❡✱ t❤❡ ♣r♦❜❧❡♠ ♠❛② ♥♦t ❜❡ ❢❡❛s✐❜❧❡ ❛t ❛❧❧ t✐♠❡s✳ ❚❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ✐s t❤✉s ✉s❡❞
❛❣❛✐♥✳
❚❤❡ s❡❝♦♥❞ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳ ●❛✉ss✐❛♥
♣r♦❝❡ss❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ❛ ♠❡t❤♦❞ t♦ ♠♦❞❡❧ t❤❡ ❝❛r✬s ❞②♥❛♠✐❝s ✉s✐♥❣ ❛ s♣❡❝✐❛❧ ❡①♣❧✐❝✐t ❜❛s✐s ✐s
♣r❡s❡♥t❡❞✳ ❉✐✛❡r❡♥t t②♣❡s ♦❢ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✜tt✐♥❣ ❛r❡ ❝♦♠♣❛r❡❞✳ ■t ✐s s❤♦✇♥ t❤❛t ❛ ❧✐♥❡❛r ❜❛s✐s
●P ✐s ♠♦st s✉✐t❡❞ ❢♦r t❤❡ ❝❛r✬s s②st❡♠✳ ❆♥ ❛❞❛♣t✐✈❡ ▼P❋❈ s❝❤❡♠❡ ✐s t❤❡♥ ♣r♦♣♦s❡❞ ✉s✐♥❣ r❡❝✉rs✐✈❡
●P✲❜❛s❡❞ ❛❞❛♣t❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ■ts ♣❡r❢♦r♠❛♥❝❡ ✐s ❡✈❛❧✉❛t❡❞ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t❡❞
♣❛r❛♠❡t❡rs ✐s s❤♦✇♥✳
❯s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✱ t❤❡ s②st❡♠ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❛ st♦❝❤❛st✐❝ s②st❡♠✳ ❇② r❡♣❧❛❝✐♥❣
t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧ ✉s❡❞ ✐♥ t❤❡ ♥♦♠✐♥❛❧ ▼P❋❈✱ ❛ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✐s ❝r❡❛t❡❞✳ ■♥ s✉❝❤
s❝❤❡♠❡✱ t❤❡ st❛t❡ ✐s ♠♦❞❡❧❡❞ ❛s ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ♣r❡❞✐❝t✐♦♥ ✐s ❞♦♥❡ ✐♥ ❛ st♦❝❤❛st✐❝
♠❛♥♥❡r✳ ❚❤❡ st♦❝❤❛st✐❝ ♥❛t✉r❡ ♠❛❦❡s t❤❡ ▼P❋❈ ❝♦♥tr♦❧❧❡r ♠♦r❡ r♦❜✉st ✐♥ t❤❡ ❢❛❝❡ ♦❢ ✉♥❝❡rt❛✐♥t✐❡s
✹✾
❛♥❞ ❞✐st✉r❜❛♥❝❡s✳ ❚❤❡ st♦❝❤❛st✐❝ ▼P❋❈ s❝❤❡♠❡ ✐s ♣r❡s❡♥t❡❞✱ ✐♥❝❧✉❞✐♥❣ ❛ ♠❡t❤♦❞ ❛❧❧♦✇✐♥❣ ❛♣♣r♦①✲
✐♠❛t❡ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r ❛ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝❛❧ ♠♦❞❡❧✳ ❚❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ st♦❝❤❛st✐❝
❝♦♥tr♦❧❧❡r ❛r❡ ♣r❡s❡♥t❡❞✱ s❤♦✇✐♥❣ tr❛❝❦✐♥❣ ❝♦♠♣❛r❛❜❧❡ t♦ ♦t❤❡r ▼P❋❈ s❝❤❡♠❡s✳ ❚❤❡ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧
♦❢ t❤❡ ❝♦♥tr♦❧❧❡r ✇❤✐❧❡ tr❛❝❦✐♥❣ ✐s ✐♥✈❡st✐❣❛t❡❞✱ ❛s ✇❡❧❧ ❛s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❧❛♥♥❡❞ st❛t❡s ♦✈❡r
t❤❡ ❤♦r✐③♦♥✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❧♦✇ ✉♥❝❡rt❛✐♥t② ✐s s❤♦✇♥ ❛s ✇❡❧❧ ❛s ❛♥ ❡①tr❡♠❡❧② s❧♦✇ ✐♥❝r❡❛s❡ ✐♥ t❤❡
✉♥❝❡rt❛✐♥t② ♦✈❡r t❤❡ ❤♦r✐③♦♥✳
❚❤❡ ❧❛st s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ❞❡r✐✈❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t✇♦ ✉♥❝❡rt❛✐♥t② ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞s
❢♦r ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳ ❋♦r ❝❡rt❛✐♥ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s✱ s✉❝❤ ❛s t❤❡ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧✱ ❛♥ ❛♥❛❧②t✐❝
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡✱ r❡s✉❧t✐♥❣ ✐♥ ❊①❛❝t ▼♦♠❡♥t ▼❛t❝❤✐♥❣✳ ❋♦r ♦t❤❡r ❦❡r♥❡❧
❢✉♥❝t✐♦♥s✱ ❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ✐s♥✬t ❛✈❛✐❧❛❜❧❡✳ ❯s✐♥❣ ❚❛②❧♦r s❡r✐❡s ♦❢ t❤❡ ❦❡r♥❡❧✱ t❤❡ ❆♣♣r♦①✐♠❛t❡
▼♦♠❡♥t ▼❛t❝❤✐♥❣ ♠❡t❤♦❞ ✐s ❞❡r✐✈❡❞✳
❉✉r✐♥❣ t❤❡ ✇♦r❦ ♦♥ t❤✐s t❤❡s✐s✱ ❝❡rt❛✐♥ ❞✐✣❝✉❧t✐❡s ✇❡r❡ ❡♥❝♦✉♥t❡r❡❞✳ ❙♦♠❡ ❝❤❛❧❧❡♥❣❡s ❤❛✈❡ ❢♦r❝❡❞
✉s t♦ ❝❤❛♥❣❡ ♦✉r ❛♣♣r♦❛❝❤ ❛♥❞ t♦ ❝♦♠❡ ✉♣ ✇✐t❤ ♥❡✇ s♦❧✉t✐♦♥s✳ ❖t❤❡rs✱ ❤♦✇❡✈❡r✱ ❞❡s❡r✈❡ t❤❡✐r ♦✇♥
✇♦r❦ ❛♥❞ ❝♦✉❧❞ ❜❡ t❤❡ ❝❡♥t❡r ♦❢ ❛ ❢♦❧❧♦✇✐♥❣ ♣r♦❥❡❝t✳ ❲✐t❤ ❧✐♠✐t❡❞ t✐♠❡✱ ❝❤♦✐❝❡s ❤❛❞ t♦ ❜❡ ♠❛❞❡ t♦
❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❝❤❛❧❧❡♥❣❡s ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ❛♥❞ ✇❤✐❝❤ ♠✉st ❜❡ ♦✈❡r❧♦♦❦❡❞ ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣✳
❚❤❡ ♠❛✐♥ ✐ss✉❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❛❧❧ ♦❢ t❤❡ ▼P❋❈ s❝❤❡♠❡s ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ♥❡❡❞ ♦❢
r❡❣✉❧❛r✐③❛t✐♦♥✳ ❆♥ ✉♥❞❡r❧②✐♥❣ ✐ss✉❡ ❝❛✉s❡s t❤❡ s♦❧✈❡r t♦ ❥✉♠♣ s✐❣♥✐✜❝❛♥t❧② ❜❡t✇❡❡♥ ❧♦❝❛❧ s♦❧✉t✐♦♥s
✇❤✐❝❤ ❝❛✉s❡s r❛♣✐❞ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ✐♥♣✉t ❛♥❞ r❡s✉❧ts ✐♥ ❛♥ ✉♥s♠♦♦t❤ tr❛❥❡❝t♦r②✳ ❚❤✐s ✐ss✉❡ ✇❛s
♦✈❡r❝♦♠❡ ❜② ♣❡♥❛❧✐③✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥❡✇ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ❍♦✇❡✈❡r✱ t❤✐s
♣❡♥❛❧t② ✐s s♦♠❡✇❤❛t ❝♦✉♥t❡r✲✐♥t✉✐t✐✈❡ ❛s ✐t ❡♥❝♦✉r❛❣❡s t❤❡ ▼P❈ ❝♦♥tr♦❧❧❡r t♦ ❧❡ss ♠♦❞✐❢② ✐ts s♦❧✉t✐♦♥
❛♥❞ ❧❡ss ❛❞❛♣t t♦ t❤❡ s✐t✉❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t❤❡♦r② ✉♣♦♥ ✇❤✐❝❤ t❤❡ ❝♦♥tr♦❧❧❡r ✐s ❜❛s❡❞ ❞♦❡s♥✬t
✐♥❝❧✉❞❡ t❤✐s r❡❣✉❧❛r✐③❛t✐♦♥ ❛♥❞ t❤✉s t❤❡ t❤❡♦r❡t✐❝❛❧ s✉♣♣♦rt ✐s ✇❡❛❦❡♥❡❞✳ ■♥ ❢❛❝t✱ ✐t ✇❛s s❡❡♥ t❤❛t
r❡❞✉❝✐♥❣ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ❤✐❣❤❧② ✐♠♣r♦✈❡s t❤❡ tr❛❝❦✐♥❣✱ ❜✉t ✇❛s ♥♦t ♣♦ss✐❜❧❡ ❞✉❡ t♦ t❤❡ ❥✉♠♣✐♥❣
✐ss✉❡✳
❆♥♦t❤❡r ❞✐r❡❝t✐♦♥ ❢♦r ❢✉t✉r❡ ✇♦r❦ ❝♦✉❧❞ ❜❡ r❡♣❧❛❝✐♥❣ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r✳ ■t s❡❡♠s t❤❛t t❤❡ ❧♦✇ ❧❡✈❡❧
tr❛❝❦❡r✱ ❛❞❞❡❞ ❛s ❛ ♥❡❝❡ss✐t②✱ ♠❛② ❜❡ ❛ ✇❡❛❦ ♣♦✐♥t ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r✳ ❲❤✐❧❡ t❤❡ ♣❧❛♥♥❡r ❝❛♥ ❢✉♥❝t✐♦♥
♣❡r❢❡❝t❧②✱ ✐ts ♣❧❛♥ ✐s ♥♦t ❡①❡❝✉t❡❞ ❞✐r❡❝t❧②✱ ❜✉t ✐s tr❛❝❦❡❞ ❜② t❤❡ ❧♦✇ ❧❡✈❡❧ ❝♦♥tr♦❧❧❡r✳ ❚❤✉s✱ ❛♥②
✐ss✉❡ ✐♥ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦✐♥❣ ♠❛② ❝❛✉s❡ ❛ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ♣❧❛♥ ❛♥❞ r❡❞✉❝❡ t❤❡ tr❛❝❦✐♥❣
♣❡r❢♦r♠❛♥❝❡✳ ❋♦r t❤✐s t❤❡s✐s✱ ✇❡ ✇❡r❡ s❛t✐s✜❡❞ ✇✐t❤ ❛ ❞❡❝❡♥t ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r✳
❍♦✇❡✈❡r✱ ✜♥❞✐♥❣ ❛ ♠❡t❤♦❞ t♦ ❞✐r❡❝t❧② ❛♣♣❧② t❤❡ ▼P❋❈ ♣❧❛♥ ❝♦✉❧❞ ❜❡♥❡✜t t❤❡ ♣❛t❤✲❢♦❧❧♦✇✐♥❣✳ ❚❤✐s
♠✐❣❤t ❛❧s♦ ❛❧❧♦✇ t♦ ♦✈❡r❝♦♠❡ t❤❡ ✐ss✉❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✼✳✹✳
❋✐♥❛❧❧②✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s r❡s❡❛r❝❤ ❝♦✉❧❞ ❤✐❣❤❧② ❜❡♥❡✜t ❢r♦♠ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
s❡t✉♣✳ ❆s ♦♥❡ ❝♦✉❧❞ r❡♠❛r❦ ✇❤✐❧❡ r❡❛❞✐♥❣ t❤✐s t❤❡s✐s✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❞♦♥✬t s❤♦✇ ❛ ♣❡r❢❡❝t
tr❛❝❦✐♥❣✳ ❋r♦♠ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ▼P❈ s❝❤❡♠❡s ♣r♦♣♦s❡❞ ❛r❡ ♥♦t t♦ ❜❧❛♠❡✳
❲❤✐❧❡ ❧♦✇❡r ♣❡r❢♦r♠❛♥❝❡ ✐s ❡①♣❡❝t❡❞ ❢r♦♠ ❛♥② ✐♠♣❡r❢❡❝t r❡❛❧ ✇♦r❧❞ s②st❡♠✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡
r❡❞✉❝❡❞ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s t❤❛t ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞✳ ❋✐rst✱ t❤❡
❞❡❧❛② ✐♥ t❤❡ s②st❡♠ s❤♦✉❧❞ ❜❡ r❡❞✉❝❡❞ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡✳ ■♥ ❛ r❡❛❧ t✐♠❡ s②st❡♠ s✉❝❤ ❛s ❛ ❝❛r✱ ❛♥②
❞❡❧❛② ✐♥ ❡①❡❝✉t✐♥❣ t❤❡ ❝♦♠♠❛♥❞s ❝❛♥ ❤❛r♠ t❤❡ ♣❛t❤✲❢♦❧❧♦✇✐♥❣✳ ❙❡❝♦♥❞✱ t❤❡ ❝❛r✬s t✉r♥✐♥❣ r❛t❡ ❣✐✈❡♥
t❤❡ ❝✉rr❡♥t ❤❛r❞✇❛r❡ ✐s ✈❡r② ❧✐♠✐t❡❞✳ ❚❤✐s ❧✐♠✐ts t❤❡ ♣♦ss✐❜❧❡ tr❛❥❡❝t♦r✐❡s ✐t ❝❛♥ tr❛❝❦ ❛♥❞ ❝❛♥ ♦❢t❡♥
❧❡❛❞ t♦ ✐♥❢❡❛s✐❜❧❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ❝❛r ✉s❡❞ ❛❧s♦ ❡①❤✐❜✐ts ❛ r❡❧❛t✐✈❡❧② ❤✐❣❤ ❧❡✈❡❧ ♦❢ s❧✐♣♣✐♥❣✱
✉♥❞❡r✲st❡❡r ❛♥❞ ♦✈❡r✲st❡❡r✱ ✇❤✐❝❤ ♠✉st ❜❡ ❡✐t❤❡r ❡❧✐♠✐♥❛t❡❞ ♦r ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧
❛s t❤❡② ❝❛♥ ❛✛❡❝t t❤❡ tr❛❝❦✐♥❣ r❡s✉❧ts✳
❚♦ ❝♦♥❝❧✉❞❡✱ ❛s s❡❡♥ ✐♥ ♣r❡✈✐♦✉s st✉❞✐❡s ❛♥❞ ✐♥ t❤✐s t❤❡s✐s✱ ♠♦❞❡❧ ♣r❡❞✐❝t✐✈❡ ❝♦♥tr♦❧ ✐s ✈❡r② ✇❡❧❧ s✉✐t❡❞
t♦ ♣❛t❤✲❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠s✳ ❆ ❜❛s✐❝ ▼P❋❈ s❝❤❡♠❡ ❝❛♥ ❜❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ ❝❛♥ ♣r♦✈✐❞❡ ❣♦♦❞
♣❛t❤✲❢♦❧❧♦✇✐♥❣✳ ❚❤❡ r❡s✉❧ts ❝❛♥ ❜❡ t❤❡♥ ✐♠♣r♦✈❡ ✉s✐♥❣ ❛ ✈❛r✐❡t② ♦❢ ▼P❈ s❝❤❡♠❡s✱ ✇❤♦s❡ ❞❡r✐✈❛t✐♦♥
❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ✇❡r❡ ♣r❡s❡♥t❡❞✳ ❆♥ ❛❞❛♣t✐✈❡ ▼P❈ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ tr❛❝❦✐♥❣ ❜② ❜❡tt❡r ❡st✐♠❛t✐♥❣
t❤❡ ♣❛r❛♠❡t❡rs ✉s✐♥❣ ❡✐t❤❡r ❘▲❙ ♦r ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳ ❆ st♦❝❤❛st✐❝ ▼P❈ ❝❛♥ ✐♥❝❧✉❞❡ ❛ st♦❝❤❛st✐❝
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❛♥❞ t❤✉s ❜❡tt❡r ❤❛♥❞❧❡ ♥♦✐s② ❛♥❞ ✉♥❝❡rt❛✐♥ s②st❡♠s✳ ❊✈❡♥ t❤♦✉❣❤ s♦♠❡
❞✐✣❝✉❧t✐❡s ✇❡r❡ ♣r❡s❡♥t❡❞✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ❢✉t✉r❡ ✇♦r❦ ❝♦✉❧❞ t❛❝❦❧❡ t❤❡s❡ ✐ss✉❡s ❛♥❞ s❤♦✇ ❛♥ ❡✈❡♥
❤✐❣❤❡r ♣❡r❢♦r♠❛♥❝❡ ❢♦r ✈❛r✐♦✉s ♣❛t❤✲❢♦❧❧♦✇✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳
✺✵
❆ ◆✉♠❡r✐❝❛❧ ❱❛❧✉❡s ♦❢ P❛r❛♠❡t❡rs ❛♥❞ ❘❡s✉❧ts
❚❤✐s ❛♣♣❡♥❞✐① ✐♥❝❧✉❞❡s ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ❛♥❞ r❡s✉❧ts ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s
t❤❡s✐s✳
▲♦✇ ▲❡✈❡❧ ❚r❛❝❦✐♥❣
Kp = −450 , Ti = 0 , Td = 0 , bias = 485 , umax = 385 ✭❆✳✶✮
◆♦♠✐♥❛❧ ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ P❛t❤✲❋♦❧❧♦✇✐♥❣ ❈♦♥tr♦❧
▼P❋❈ ♣❛r❛♠❡t❡rs
Q =

1000 0 00 1000 0
0 0 1000

 , Qf =

500 0 00 500 0
0 0 150

 , QE = 1 ✭❆✳✷✮
Ru =
(
0.1 0
0 0.01
)
, R =
(
10 0
0 10
)
, N = 10 , δ = 0.1 sec ✭❆✳✸✮
Q = {(x, y, γ) |x ∈ [−20; 20] , y ∈ [−20; 20] , γ ∈ [−∞;∞]} ✭❆✳✹✮
U = {(uγ , uτ )|uγ ∈ [−20; 20] , uτ ∈ [0; 3]} ✭❆✳✺✮
❘❡❢❡r❡♥❝❡ ♣❛t❤
a = 0.2 , h = 0 ✭❆✳✻✮
●❛✉ss✐❛♥ Pr♦❝❡ss❡s P❛r❛♠❡t❡rs
❙✐❣♥❛❧ ✈❛r✐❛♥❝❡✿ σ2f = 0.1
▲❡♥❣t❤✲s❝❛❧❡✿ l = 1.0
❙t♦❝❤❛st✐❝ ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ P❛t❤✲❋♦❧❧♦✇✐♥❣ ❈♦♥tr♦❧
S =
{
Σ|Σ ∈
[
10−27; 1032
]}
, ε = ǫ = 10−9 ✭❆✳✼✮
❯♥❝❡rt❛✐♥t② Pr♦♣❛❣❛t✐♦♥
❚r✉❡ ❢✉♥❝t✐♦♥✿ f(x) = 2x+ 10sin x
■♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥✿ x0 ∼ N (−1, 0.1)
◆✉♠❜❡r ♦❢ s❛♠♣❧❡ ♣♦✐♥ts✿ N = 50
❇❛s✐s ❈♦❡✣❝✐❡♥ts ❢♦r ●❛✉ss✐❛♥ Pr♦❝❡ss❡s
❈♦❡✣❝✐❡♥ts ❢♦r ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✜tt✐♥❣ ✉s✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ✇❤❡❡❧s ❜❛s✐s✳
Simulation : βT =

 3.3e− 9 1.499 3.8e− 9 1.7e− 7−2.6e− 8 9.5e− 9 1.499 1.0e− 8
7.6e− 7 1.1e− 6 7.4e− 8 9.599


⇒ vx = vy = 1.499 , k0 ≈ 0 , k1 = 9.599
Experiment : βT =

5.9e− 3 1.635 −1.6e− 2 5.2e− 21.0e− 2 −1.3e− 2 1.649 −1.2e− 2
−0.15 7.1e− 2 0.1 1.885


⇒ vx = 1.635 , vy = 1.649 , k0 = −0.15 , k1 = 1.885
✺✶
❇ ❆✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ◆♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ♣r❡s❡♥t ❢♦r♠✉❧❛s ❢♦r ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ◆♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✉s❡❞
t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✳ ❙❡❡ ❬✷✻❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
❇❡ ❳ ❛♥❞ ❨ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❛ ❛♥❞ ❜ r❡❛❧ ♥✉♠❜❡rs✳
❙❝❛❧❛r ❆❞❞✐t✐♦♥ ❛♥❞ ▼✉❧t✐♣❧✐❝❛t✐♦♥{
E[aX + b] = aE[X] + b
V ar[aX + b] = a2V ar[X]
✭❇✳✶✮
❚❤✉s✱ ❢♦r X ∼ N
(
µ, σ2
)
aX + b ∼ N
(
aµ+ b, a2σ2
)
✭❇✳✷✮
❆❞❞✐t✐♦♥ ♦❢ ■♥❞❡♣❡♥❞❡♥t ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡s{
E[X + Y ] = E[X] + E[Y ]
V ar[X + Y ] = V ar[X] + V ar[Y ]
✭❇✳✸✮
❚❤✉s✱ ❢♦r X ∼ N
(
µ, σ2
)
❛♥❞ Y ∼ N
(
η, ν2
)
X + Y ∼ N
(
µ+ η, σ2 + ν2
)
✭❇✳✹✮
✺✷
❈ ❆♣♣r♦①✐♠❛t❡ ▼♦♠❡♥t ▼❛t❝❤✐♥❣ ✲ ❉❡r✐✈❛t✐♦♥
❚❤✐s ❛♣♣❡♥❞✐① ❞❡t❛✐❧s t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♠♦♠❡♥t ♠❛t❝❤✐♥❣ ♠❡t❤♦❞ ❢♦r ✉♥❝❡rt❛✐♥t②
♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✷✺❪ ✭s❡❝t✐♦♥s ✸✳✷✲✸✳✸✮ ❢♦r ●❛✉ss✐❛♥
♣r♦❝❡ss❡s ✇✐t❤♦✉t ❛♥ ❡①♣❧✐❝✐t ❜❛s✐s✳ ❈❡rt❛✐♥ st❡♣s ♠✐ss✐♥❣ ✐♥ t❤❡✐r ❞❡r✐✈❛t✐♦♥ ✇✐❧❧ ❛❧s♦ ❜❡ ♣r❡s❡♥t❡❞✳
●✐✈❡♥ ❛ ●❛✉ss✐❛♥ ✐♥♣✉t ❞✐str✐❜✉t✐♦♥ Xp ∼ N (u,Σ)✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✜♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
♦✉t♣✉t yp ∼ N (m, v)✳ ❋r♦♠ ❬✷✹❪✱ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②
µ (u,Σ) = K∗α+ φ(Xp)
Tβ ✭❈✳✶✮
σ2 (u,Σ) = σn + C(Xp, Xp)−K∗SK
T
∗
+ φ(Xp)
T (M−1 + ββT )φ(Xp) ✭❈✳✷✮
−K∗Eφ(Xp)❂φ(Xp)
TETKT
∗
− µ (u,Σ)2
✇❤❡r❡
K∗ = C(Xp, X)
α = K−1(~y + φTβ)
β = M−1
[
B−1b+ φK−1~y
]
S = K−1
(
K − φTM−1φ
)
K−1 − ααT
E = K−1φTM−1 − αβT
❛♥❞ C(x1, x2) ✐s t❤❡ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥✱ φ ✐s t❤❡ ❡①♣❧✐❝✐t ❜❛s✐s✱ b ❛♥❞ B ❛r❡ t❤❡ ♣r✐♦r ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡✱
Kij = C(xi, xj) + δijσn ❛♥❞ σn ✐s t❤❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ φ = 0✱ ✇❡ ❣❡t t❤❡
s❛♠❡ ❡①♣r❡ss✐♦♥s ❛s ✐♥ ❬✷✺❪✳
■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ♦✉t♣✉t✬s ❞✐str✐❜✉t✐♦♥ t❤❡ ✐♥t❡❣r❛❧ p (yq|X, y) =
∫
X
p (yq|X, y,Xq) p (Xq) dXq ♠✉st
❜❡ ❝♦♠♣✉t❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♠♦♠❡♥ts s❡♣❛r❛t❡❧②✱ ✇❡ ❣❡t ✭s❡❡ ❬✷✹❪ ❢♦r ♠♦r❡
❞❡t❛✐❧s✮
m (u,Σ) = E[yp|X, y] =
∫
X
µ (u,Σ) p (Xq) dXq
v (u,Σ) = E[yp|X, y]− E[yp|X, y]
2 =
∫
X
σ2 (u,Σ) p (Xq) dXq −m (u,Σ)
2
✇❤❡r❡ E[] ✐s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡✳
µ ❛♥❞ σ2 ❝❛♥ t❤❡♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❡q✉✳ ❈✳✶ ❛♥❞ ❈✳✷✳
▼❡❛♥ ♦❢ ♣r♦♣❛❣❛t❡❞ ❞✐str✐❜✉t✐♦♥
m (u,Σ) =
∫
X
(
K∗α+ φ(Xp)
Tβ
)
p (Xq) dXq
=
∑
i
(∫
X
K∗iαip (Xq) dXq
)
+
∫
X
φ(Xp)
Tβp (Xq) dXq
❚❤❡ ✜rst ♣❛rt✱ ✐♥✈♦❧✈✐♥❣ t❤❡ ❦❡r♥❡❧✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
mkernel =
∑
i
(∫
X
K∗iαip (Xq) dXq
)
=
N∑
i=1
αiEx [C(x, xi)] ✭❈✳✸✮
❲❡ t❤✉s ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ C(x, xi)✳ ❋♦r ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ ✐♥t❡❣r❛❧ ❝❛♥♥♦t ❜❡
❝♦♠♣✉t❡❞ ❛♥❛❧②t✐❝❛❧❧②✱ C(x, xi) ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ✐ts ❚❛②❧♦r s❡r✐❡s ❛r♦✉♥❞ t❤❡ ♠❡❛♥ u ♦❢ x✱
C(x, xi) ≈ C(u, xi) + (x− u)
TC ′(u, xi) +
1
2
(x− u)TC ′′(u, xi)(x− u) ✭❈✳✹✮
◆♦t❡ t❤❛t C(p)(u, xi) ∀p ✐♥ t❤✐s ❡①♣r❡ss✐♦♥ ❛r❡ ❝♦♥st❛♥ts ✐♥❞❡♣❡♥❞❡♥t ♦❢ x✳ ❯s✐♥❣ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱
t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢♦r ❛♥② ❦❡r♥❡❧ ❢✉♥❝t✐♦♥✱ ❛s ❢♦❧❧♦✇s
✺✸
Ex [C(x, xi)] = Ex [C(u, xi)] + Ex
[
(x− u)TC ′(u, xi)
]
+ Ex
[
1
2
(x− u)TC ′′(u, xi)(x− u)
]
= C(u, xi) + Ex
[
(x− u)T
]
C ′(u, xi) +
1
2
Ex
[
(x− u)TC ′′(u, xi)(x− u)
]
✇❤❡r❡
Ex
[
(x− u)T
]
= Ex [x]− u = u− u = 0 ✭❈✳✺✮
Ex
[
(x− u)TC ′′(u, xi)(x− u)
]
= Ex
[
(x− u)T
]
C ′′(u, xi)Ex [(x− u)] + tr (C
′′(u, xi)Cov[x− u])
= 0 + tr (C ′′(u, xi)Σ)
✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❛♥❞ Ex
[
xTAx
]
= Ex [x]
T
AEx [x] + tr(ACov[x])✳
❋✐♥❛❧❧②
Ex [C(x, xi)] = C(u, xi) +
1
2
tr (C ′′(u, xi)Σ) = li ✭❈✳✻✮
❛♥❞ t❤✉s
mkernel =
∑
i
(∫
X
K∗iαip (Xq) dXq
)
=
N∑
i=1
αi
[
C(u, xi) +
1
2
tr (C ′′(u, xi)Σ)
]
=
N∑
i=1
αili ✭❈✳✼✮
❚❤❡ ❡①♣❧✐❝✐t ❜❛s✐s t❡r♠ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢♦r ❛ ❧✐♥❡❛r ❡①♣❧✐❝✐t ❜❛s✐s φ(x) =
(
1
x
)
✱
mbasis =
∫
X
φ(Xp)
Tβp (Xq) dXq = u
Tβ ✭❈✳✽✮
❱❛r✐❛♥❝❡ ♦❢ ♣r♦♣❛❣❛t❡❞ ❞✐str✐❜✉t✐♦♥
v (u,Σ) =
∫
X
(
σn + C(Xp, Xp)−K∗SK
T
∗
)
p (Xq) dXq
+
∫
X
(
φ(Xp)
T (M−1 + ββT )φ(Xp)
)
p (Xq) dXq
−
∫
X
(
K∗Eφ(Xp)❂φ(Xp)
TETKT
∗
)
p (Xq) dXq
−m (u,Σ)2
❚❤❡ ✜rst t❡r♠ ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ❦❡r♥❡❧✱ t❤❡ s❡❝♦♥❞ ♦♥❧② t❤❡ ❜❛s✐s ❛♥❞ t❤❡ t❤✐r❞ ✐s ❛ ♠✐①❡❞ t❡r♠✳
m (u,Σ)
2
❝❛♥ ❛❧s♦ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ s✉❝❤ t❤r❡❡ t❡r♠✱ s✉❝❤ t❤❛t
m (u,Σ)
2
= m2kernel +m
2
basis − 2mkernelmbasis ✭❈✳✾✮
❇② ❝♦♠❜✐♥✐♥❣ ❜♦t❤ ❡q✉❛t✐♦♥s✱ ✇❡ ❣❡t
v (u,Σ) = vkernel (u,Σ) + vbasis (u,Σ)− vmixed (u,Σ)
❋♦r t❤❡ ❦❡r♥❡❧ t❡r♠✱ t❤❡ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛♥ ❡①♣❡❝t❡❞ ✈❛❧✉❡
∫
X
(
σn + C(Xp, Xp)−K∗SK
T
∗
)
p (Xq) dXq = Ex
[
σn + C(Xp, Xp)−K∗SK
T
∗
]
= σn + Ex [C(x, x)]−
N∑
i,j=1
SijEx [C(x, xi)C(x, xj)]
❚❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡s ❛r❡ ❝♦♠♣✉t❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ Ex [C(x, xi)]✱ ❛s ❢♦❧❧♦✇s✱
Ex [C(x, x)] = Ex [C(u, u)] + Ex
[
(x− u)TC ′(u, u)
]
+ Ex
[
1
2
(x− u)TC ′′(u, u)(x− u)
]
= C(u, u) +
1
2
tr (C ′′(u, u)Σ)
✺✹
Ex [C(x, xi)C(x, xj)] = Ex [C(x, xi)C(x, xj)] + Ex
[
(x− u)T (C(u, xi)C
′(u, xj) + C
′(u, xi)C(u, xj))
]
+ Ex
[
1
2
(x− u)T (C(u, xi)C
′′(u, xj) + C
′′(u, xi)C(u, xj)) (x− u)
]
+ Ex
[
(x− u)TC ′(u, xi)(x− u)
TC ′(u, xj)
]
✇❤❡r❡ t❡r♠s ♦❢ ♦r❞❡r ✸ ♦r ❤✐❣❤❡r ✇❡r❡ ❞✐s❝❛r❞❡❞ ✭❡q✉✐✈❛❧❡♥t t♦ ❞✐s❝❛r❞✐♥❣ t❡r♠s ♦❢ ❤✐❣❤❡r ♦r❞❡r t❤❛♥
Σ✮✳ ❚❤✉s
Ex [C(x, xi)C(x, xj)] = C(u, xi)C(u, xj) +
1
2
C(u, xi)tr (C
′′(u, xj)Σ) +
1
2
C(u, xj)tr (C
′′(u, xi)Σ)
+ tr
(
C ′(u, xi)C
′(u, xj)
TΣ
)
❇② ✐♥tr♦❞✉❝✐♥❣ t❤❡s❡ t❡r♠s ✐♥t♦ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ vkernel ❛♥❞ s✉❜tr❛❝t✐♥❣ m
2
kernel✱ ✇❡ ❣❡t
vkernel (u,Σ) = σn + C(u, u) +
1
2
tr (C ′′(u, u)Σ)−
N∑
i,j=1
Sijtr
(
C ′(u, xi)C
′(u, xj)
TΣ
)
−
N∑
i,j=1
(Sij + αiαj)C(u, xi)C(u, xj)
−
1
2
N∑
i,j=1
(Sij + αiαj) [C(u, xi)tr (C
′′(u, xj)Σ) + C(u, xj)tr (C
′′(u, xi)Σ)]
❆ s✐♠✐❧❛r ♠❡t❤♦❞ ✐s ✉s❡❞ ❢♦r t❤❡ ❡①♣❧✐❝✐t ❜❛s✐s t❡r♠✱ s✉❝❤ t❤❛t
vbasis (u,Σ) =
∫
X
(
φ(Xp)
T (M−1 + ββT )φ(Xp)
)
p (Xq) dXq −m
2
basis
= tr(M−1Σ) + uTM−1u+ βTΣβ
❋✐♥❛❧❧②✱ ❢♦r t❤❡ ♠✐①❡❞ t❡r♠
vkernel (u,Σ) = 2
∫
X
K∗Eφ(Xp)p (Xq) dXq − 2mkernelmbasis ✭❈✳✶✵✮
❋♦r ❛ ❧✐♥❡❛r ❡①♣❧✐❝✐t ❜❛s✐s φ(x) =
(
1
x
)
❛♥❞ ♥♦t✐♥❣ E =
(
E1 E2
)
∫
X
K∗Eφ(Xp)p (Xq) dXq =
N∑
i=1
(E1iEx [C(x, xi)] + E2iEx [C(x, xi)x]) ✭❈✳✶✶✮
❚❤❡ ✜rst ❡①♣❡❝t❡❞ ✈❛❧✉❡ ✇❛s ❛❧r❡❛❞② ❝♦♠♣✉t❡❞ ❛♥❞ ♥♦t❡❞ ❛s li✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥
t❤❡ s❛♠❡ ♠❛♥♥❡r✱ ❜② ✉s✐♥❣ t❤❡ ❚❛②❧♦r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ xC(x, xi)✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ♠❡t❤♦❞✱ ✇❡ ♦❜t❛✐♥
Ex [C(x, xi)x] = u
(
C(u, xi) +
1
2
tr (C ′′(u, xi)Σ)
)
+ tr(C ′(u, xi)Σ = u li + tr (C
′(u, xi)Σ) ✭❈✳✶✷✮
❚❤✉s✱ ✉s✐♥❣ ♠❛tr✐① ❢♦r♠✱ t❤❡ ♠✐①❡❞ t❡r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
vmixed (u,Σ) = 2
N∑
i=1
(
E1 E2
)( li
u li + tr (C
′(u, xi)Σ)
)
− 2mkernelmbasis ✭❈✳✶✸✮
✺✺
❉ ■♠♣❧❡♠❡♥t❛t✐♦♥ ●✉✐❞❡
❚❤✐s ❛♣♣❡♥❞✐① ❞❡t❛✐❧s t❤❡ ✐♠♣♦rt❛♥t s❝r✐♣ts ♥❡❡❞❡❞ t♦ r✉♥ t❤❡ ♣r♦❥❡❝t✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ♣r♦✲
❣r❛♠♠❡❞ ✐♥ P②t❤♦♥ ❛♥❞ ✉s❡s ❘❖❙ t♦ ❝♦♠♠✉♥✐❝❛t❡ ❜❡t✇❡❡♥ s❝r✐♣ts✳ ❆ t❡r♠✐♥❛❧ r✉♥♥✐♥❣ roscore ♠✉st
❜❡ r✉♥♥✐♥❣✳ ❆❧❧ t❤❡ s❝r✐♣ts ❛r❡ ♣❛rt ♦❢ t❤❡ plane❴control ♣❛❝❦❛❣❡✳ ❚❤❡ ❝♦♠♣✉t❡r ♠✉st ❜❡ ❝♦♥♥❡❝t❡❞
t♦ t❤❡ ❖♣t✐❚r❛❝❦ ❝❛♠❡r❛ tr❛❝❦✐♥❣ s②st❡♠ ✉s✐♥❣ ❛♥ ❊t❤❡r❈❛t ❝❛❜❧❡ ❛♥❞ t♦ t❤❡ ❘❈ ❝♦♥tr♦❧❧❡r ✉s✐♥❣ t❤❡
P❈❚① ❝❛❜❧❡✳
❙❝r✐♣ts ❢♦r s❡tt✐♥❣ t❤❡ ❡♥✈✐r♦♥♠❡♥t✿
❢♦r✇❛r❞❴♣♦s❴t♦❴❞r♦♥❡✳♣②✿ ❘❡❛❞s t❤❡ ♣♦s✐t✐♦♥✐♥❣ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ t❤❡ tr❛❝❦✐♥❣ s②st❡♠ ❛♥❞ ♣✉❜✲
❧✐s❤❡s t❤❡♠ ✐♥t♦ t♦♣✐❝ /CameraStream✳
◆♦♥❯♥✐❢❊st✐♠❛t♦r❴❝❛r✳♣②✿ ❊st✐♠❛t❡s t❤❡ ♣♦s✐t✐♦♥✱ ✈❡❧♦❝✐t②✱ γ ❛s ✇❡❧❧ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ γ ❛♥❞ t❤❡
❊✉❧❡r ❛♥❣❧❡s✳
❊✉❧❡r❆♥❣❧❡s❊st✐♠❛t♦r✳♣②✿ ❊st✐♠❛t❡s t❤❡ ❊✉❧❡r ❛♥❣❧❡s ❢r♦♠ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥✳
r♦s♣❝t①✳♣②✿ ❖♣❡♥s ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦ t❤❡ ❘❈ ❝♦♥tr♦❧❧❡r t❤r♦✉❣❤ t❤❡ P❈❚① ❝❛❜❧❡✳
▼P❈P❧♦tt❡r✳♣②✿ ❖♥❧✐♥❡ ♣❧♦tt✐♥❣ ✇❤✐❧❡ t❤❡ ❝♦♥tr♦❧❧❡r ✐s r✉♥♥✐♥❣✳ P❧♦ts t❤❡ tr❛❥❡❝t♦r② ❛s ✇❡❧❧ ❛s ♠❛♥②
♦t❤❡r ♣❧♦ts ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡♥❛❜❧❡❞ ✢❛❣s✳
❙❝r✐♣ts ❢♦r r✉♥♥✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡rs
❘✉♥▼P❈❴❝❛r✳♣②✿ ❘✉♥s t❤❡ ▼P❋❈ ❝♦♥tr♦❧❧❡r✳ ❚❤❡ ✉s❡❞ s❝❤❡♠❡ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❜② ✐♠♣♦rt✐♥❣ ❢r♦♠
❞✐✛❡r❡♥t ✜❧❡s✳ ❋❧❛❣s ❢♦r ✐s❙✐♠✱ ✐s❆❞❛♣t✐✈❡ ❛♥❞ ✐s❙t♦❝❤❛st✐❝✳
P■❉❙t❡❡r✐♥❣✳♣②✿ ❘✉♥s t❤❡ ❧♦✇ ❧❡✈❡❧ tr❛❝❦❡r ❛♥❞ s❡♥❞ st❡❡r✐♥❣ ❝♦♠♠❛♥❞s t♦ t❤❡ ❘❈ ❝♦♥tr♦❧❧❡r✳ ❋❧❛❣s
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